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ABSTRACT 


The  primary  objective  of  this  investigation  was  the  derivation 
of  a  method  of  analysis  which  can  be  used  on  a  computer  to  determine  the 
behavior  of  columns  in  reinforced  concrete  frameworks  under  sustained  load. 

The  method  of  analysis  applies  discreteness  to  the  cross-sections, 
the  member  lengths,  and  the  duration  of  sustained  load,  and  utilizes  nu¬ 
merical  integration  and  trial  and  error  procedures  to  obtain  equilibrium 
configurations  of  the  frameworks  under  load.  The  properties  of  concrete 
and  reinforcing  steel  used  in  the  analysis  were  based  on  the  investigations 
available  in  engineering  literature.  The  concrete  was  represented  as  a 
visco-elasto-plastic  material  which  also  exhibits  shrinkage,  and  the  steel 
was  considered  to  be  an  idealized  elasto-plastic  material  with  no  time 
dependent  dimensional  instability.  The  rate  of  creep  method  was  used  to 
estimate  the  creep  of  the  concrete  under  variable  stress. 

The  applicability  of  the  analysis  was  partially  verified  by  com¬ 
parison  with  experimental  data  reported  by  various  investigators.  A  reason¬ 
ably  good  correlation  was  obtained  between  the  analytical  results  and  the 
experimental  results  of  Washa  and  Fluck,  Martin  and  Olivieri,  Furlong, 
Furlong  and  Ferguson,  and  Green. 

Although  the  analysis  has  a  wide  range  of  potential  uses,  the 
application  described  in  this  thesis  was  limited  to  only  two  series  of 
beam-column  frames.  The  columns  were  laterally  restrained  and  were  bent 
in  either  symmetrical  single  curvature  or  double  curvature  with  one  end 
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of  the  column  fixed.  The  major  variables  in  the  frames  analysed  were  the 
column  slenderness  ratio  and  the  level  of  sustained  axial  load  in  the  column. 
The  columns  were  loaded  with  a  sustained  moment  and  a  sustained  axial  load 
which  was  preset  at  a  fixed  proportion  of  the  short-time  failure  strength. 

If  failure  did  not  occur  during  a  hypothetical  25  year  period  of  sustained 
load,  the  columns  were  then  quick  loaded  to  failure.  The  factors  held  con¬ 
stant  in  the  investigation  included  the  properties  of  the  restraining  beam, 
the  properties  of  the  column  cross-section,  and  the  fixed  end  moments  in 
the  beams.  The  distributed  moment  to  the  column  produced  a  small  effective 
column  end  eccentricity.  Results  have  been  presented  regarding  load-moment 
behavior,  deformation  characteristics,  stresses,  and  failure  loads.  A 
comparison  of  the  failure  loads  with  those  predicted  by  various  codes  shows 
that  the  codes  do  not  give  a  sufficient  account  of  the  effect  of  sustained 


load  . 
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CHAPTER  I 


INTRODUCTION 


1 . 1  Introduction 

The  problem  investigated  in  this  thesis  is  the  effect  of  sustained 
load  on  the  behavior  of  reinforced  concrete  columns  in  frameworks. 

During  a  period  of  sustained  load,  concrete  experiences  time  de¬ 
pendent  deformations  in  the  form  of  creep  and  shrinkage.  Although  the 
mechanisms  by  which  these  deformations  are  produced  are  not  clearly  under¬ 
stood,  their  existence  can  have  a  significant  effect  on  the  behavior  of  a 
structure  because  it  is  the  deformations  of  a  structure  which  determine  the 
manner  in  which  the  structure  resists  the  applied  loads. 

A  large  part  of  the  change  in  the  resistance  of  a  structure  to 
load  with  time  can  be  attributed  to  column  behavior.  The  secondary  moments 
in  columns  are  increased  with  time  as  deflections  are  increased,  and  as  a 
result,  the  stiffness  of  the  column  is  decreased  with  time.  The  result  of 
these  stiffness  changes  is  frequently  a  transfer  of  moment  from  the  columns 
to  the  beam.  If  the  columns  are  short,  the  maximum  column  moments  may  de¬ 
crease  with  time  due  to  redistribution  of  moments.  If  the  columns  are 
slender,  the  maximum  column  moments  will  increase  with  time  due  to  the  in¬ 
crease  in  the  deflections  under  sustained  load,  but  the  increase  in  maximum 
moment  will  be  partly  offset  by  the  redistribution.  Thus  a  short  column 
in  a  frame  may  be  strengthened  by  the  effects  of  sustained  load  while  a 
slender  column  might  be  weakened. 
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Previous  investigations  into  the  effect  of  sustained  load  on 
column  behavior  have  been  primarily  concerned  with  hinged  end  columns. 

Noteable  exceptions  include  several  sustained  load  tests  of  closed,  rec¬ 
tangular,  reinforced  concrete  frames  conducted  in  recent  years  at  the 
University  of  Texas  and  also  the  analytical  investigations  of 

Broms  and  Viest  (6)  and  Pfrang  (^2)  w|10  added  linearly  elastic  re¬ 

straints  to  their  sustained  load  column  models.  In  the  case  of  hinged  end 
columns,  results  have  been  obtained  by  subjecting  the  column  to  a  sustained 
axial  load  acting  through  an  end  eccentricity,  an  initial  deflected  shape, 
or  both,  and  then  measuring  or  calculating  the  resultant  deformations. 

These  results  may  show  the  behavior  of  a  column  as  a  separate  element,  but 
they  do  not  give  a  clear  picture  of  how  a  column  will  behave  in  a  framework 
because  changes  in  column  stiffness  with  load  and  time  are  not  reflected 
as  changes  in  the  loads  applied  to  a  hinged  column. 

The  analytical  investigations  of  elastically  restrained  columns 
under  sustained  load  may  give  a  clearer  picture  of  frame  action.  However, 
the  applicability  of  the  results  is  not  known  because  actual  column  restraints 
are  not  always  linearly  elastic,  and  because  the  correlation  between  an 
elastic  restraint  and  an  actual  beam  under  sustained  load  has  not  been 
established . 

The  sustained  load  tests  of  closed  rectangular  frames,  such  as 
those  conducted  at  the  University  of  Texas,  give  perhaps  the  clearest  picture 
of  the  effect  of  frame  action  on  the  behavior  of  columns  under  sustained 
load.  Unfortunately,  the  time  element  involved  in  experimental  investiga¬ 
tion  limits  the  extent  of  the  investigation  and  results  must  be  extrapolated 


*Numbers  in  parentheses  refer  to  references  listed  at  the  end  of  the  thesis. 
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to  predict  behavior  under  longer  durations  of  loading. 

The  use  of  an  analysis  to  determine  the  behavior  of  restrained 
reinforced  concrete  columns  under  sustained  load  removes  the  problem  of 
the  time  element  present  in  experimental  investigation.  The  analysis,  how¬ 
ever,  should  be  supported  by  experimental  test  results.  This  approach  has 
been  adopted  in  this  thesis . 

The  remainder  of  this  chapter  gives  a  preview  of  the  thesis  con¬ 
tents  along  with  the  extent  of  the  investigation. 

1 . 2  The  Present  Investigation 

The  investigation  in  the  thesis  can  be  divided  into  essentially 
four  parts;  the  review  of  the  work  of  previous  investigators,  the  develop¬ 
ment  and  verification  of  the  method  of  analysis,  the  application  of  the 
method  of  analysis  to  an  investigation  of  long  columns  in  frameworks,  and 
the  discussion,  cone lusions,  and  recommendations  of  the  research. 

The  work  of  previous  investigators  is  discussed  in  CHAPTER  II. 

The  review  deals  primarily  with  the  effect  of  sustained  load  on  the  behavior 
of  reinforced  concrete  columns,  but  the  related  topics  of  creep  in  metal 
columns  and  short-time  loading  of  reinforced  concrete  columns  are  also 
mentioned.  The  purpose  of  the  review  was  to  establish  the  extent  of  the 
experimental  investigations  and  the  assumptions  of  the  analytical  investi¬ 
gations.  The  results  and  conclusions  are  mentioned,  but  in  general,  these 
are  only  qualitative  because  of  the  limited  extent  of  the  investigations. 

The  limitations  of  previous  investigations  are  included  at  the  end  of 
CHAPTER  II. 

The  method  of  analysis  used  in  this  thesis  is  developed  in 
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CHAPTERS  III,  IV,  V,  and  VI.  The  properties  of  concrete  and  reinforcing 
steel  assumed  in  the  analysis  are  discussed  in  CHAPTER  III.  They  were 
based  on  the  investigations  available  in  engineering  literature  and  are 
empirical  in  form.  Concrete  was  assumed  to  be  a  visco-elasto-plastic 
material  which  also  exhibits  shrinkage.  Because  of  the  variable  nature 
of  concrete  of  different  compositions  under  different  curing  and  loading 
conditions,  an  attempt  was  made  to  define  the  properties  for  the  set  of 
conditions  assumed  for  the  investigation  of  columns  in  frames.  In  check¬ 
ing  experimental  data  obtained  for  conditions  other  than  those  assumed, 
the  appropriate  concrete  properties  can  be  used  in  the  analysis.  Concrete 
creep  data  was  included  as  creep  vs  stress  to  strength  ratio  curves,  each 
of  which  applied  to  a  different  duration  of  loading.  The  rate  of  creep 
method  was  used  to  transform  this  constant  stress  creep  data  to  a  variable 
stress  problem.  Reinforcing  steel  was  assumed  to  be  an  idealized  elasto- 
plastic  material. 

The  method  of  analysis  is  outlined  in  CHAPTER  IV  and  is  general 
in  its  derivation.  Each  structural  member  considered  was  divided  into  a 
number  of  cross-sections  which  in  turn  were  subdivided  into  a  number  of 
fibres.  The  stress -strain-time  behavior  of  each  fibre  was  then  analysed 
considering  time  as  a  discrete  variable.  The  fibres  were  connected  by  the 
assumption  of  plane  strain  at  any  cross-section.  The  internal  load  and 
moment  at  a  cross-section  were  determined  by  numerical  integration  and 
were  made  compatible  with  the  external  load  and  moment  using  a  trial  and 
error  procedure.  Member  deformations  were  also  computed  using  numerical 
integration  procedures.  The  compatibility  between  deformations  and  moments 
at  a  joint  in  a  structure  was  then  established  by  another  trial  and  error 
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procedure . 

CHAPTER  V  discusses  the  sources  of  errors  which  are  present  in 
the  proposed  method  of  analysis.  The  sources  considered  were  discreteness 
in  the  analysis  and  the  permissible  variations  of  closure  in  the  trial  and 
error  procedures.  Conclusions  were  drawn  as  to  the  extent  of  discreteness 
which  can  be  used  in  the  analysis  without  appreciable  error. 

The  development  of  the  method  of  analysis  is  completed  in  CHAPTER 
VI  where  the  results  of  the  analysis  are  compared  to  the  results  of  experi¬ 
mental  investigations  of  beams,  columns,  and  frames.  In  most  cases,  a  good 
correlation  was  obtained  with  the  experimental  test  results. 

In  CHAPTERS  VII  and  VIII,  the  analysis  derived  in  CHAPTERS  III  to 
VI  is  used  to  investigate  a  number  of  laterally  restrained  beam-column 
frameworks.  The  columns  were  bent  in  either  symmetrical  single  curvature 
or  were  fixed  at  one  end  to  produce  double  curvature.  The  major  variables 
of  the  investigation  were  column  slenderness  ratio  and  level  of  sustained 
load.  The  columns  were  quick  loaded  to  failure  if  failure  did  not  occur 
during  a  hypothetical  duration  of  sustained  load  of  25  years.  Constants 
of  the  investigation  were  the  column  cross-section  properties,  the  beam 
properties,  and  the  fixed  end  moment  of  the  beam.  A  complete  description 
of  the  investigation  is  included  in  CHAPTER  VII  and  the  results  of  the  in¬ 
vestigation  are  presented  in  CHAPTER  VIII  with  regard  to  load-moment  behavior, 
deformations,  stresses,  and  failure  loads. 

The  discussion,  conclusions,  and  recommendations  of  the  research 
are  presented  in  CHAPTERS  IX  and  X. 


ic  '  n  '  u  1  ■ 

o  S  r.  i  ■  r.v  •••  d.i  ‘  to  i  !•  ■  3  i  '•  -  '  i*  1  •  " 

c  i  3  •  lb  C  '  .  '  .  c 

:  •  >ri  .  '  -  ■  '  '  i  J 

,  j  J  ’■  ;  ■.  JOT  .  '  J  • ' 1  '  i 

'  j  >  'f-  ...  -  i  1  >3  ->»£ 

-  j  '  :  ■' 

. 

■■  ■  ■  .  .  '  .  ■  '  w  ■  ■  ■ 

I  If :  ;  '  i  I3">  -  J  r*./I .. j  1  if  V, 

•'3.  \  '  •.  <<  :  i  '  axil  •  •  .  '  :  ■  ■" 

■ -  ii  fa:  ■  o  t  : ) : :  3J>.  J  at-  r 

rrc  -  ..»nn»«BEK.’ .  • 

i  i  1  "  i"  -  ,  i 


CHAPTER  II 


REVIEW  OF  PREVIOUS  WORK 


2 .  1  Introduction 

The  behavior  of  reinforced  concrete  columns  under  sustained  load 
has  attracted  considerable  interest  in  recent  years.  Analytical  investigations 
include  those  by  Dischinger  (^,9)^  Prentis  and  Ross^^,  Krieg  (^2)  , 

Ostlund  }  Broms  and  Viest  NaerlovicT-  Veljkovic^  Warner  and 

Thurlimann  Holley  and  Mauch  ^  ,  Pfrang  (^2)  ,  Distefano  ^  ,  and 

Green  Because  of  the  time  involved,  experimental  investigations  have 

not  been  as  numerous.  The  principal  tests  of  columns  under  sustained  load 
include  those  by  the  ACI  Column  Committee  ,  Viest,  Elstner^and  Hognestad  , 

Gaede  ,  Breen  and  Ferguson  ,  Furlong  and  Ferguson  ,  and  Green 

Related  topics  have  also  attracted  considerable  investigation. 

These  topics  include  the  behavior  of  metal  columns  at  high  temperatures 
under  sustained  load,  and  the  behavior  of  reinforced  concrete  columns  under 
short-time  loads. 

The  work  of  the  previous  investigators  is  briefly  reviewed  in  the 
remainder  of  this  chapter.  The  discussion  of  these  investigations  pertains 
generally  to  the  scope  of  the  experimental  investigations  and  the  assumptions 
of  the  mathematical  models.  A  discussion  of  the  individual  results  is  not 
emphasized  because  the  results  are  qualitative  and  in  general  all  point  to 
an  increase  in  long  column  effect  under  sustained  load. 
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A  discussion  of  the  limitations  of  the  previous  investigations 
is  included  at  the  end  of  this  chapter. 

2 . 2  Metal  Columns  Under  Sustained  Load 

Some  metals  experience  very  large  creep  strains  at  elevated  temper¬ 
atures.  This  is  in  contrast  to  the  smaller  creep  strains  experienced  by 
concrete  at  ordinary  temperatures.  Because  of  this  major  difference  in 
the  behavior  of  the  two  materials,  and  because  the  columns  in  this  thesis 
are  composed  of  both  concrete  and  steel,  an  analytical  investigation  of 
the  effect  of  sustained  load  on  the  behavior  of  reinforced  concrete  columns 
must  proceed  along  different  lines  from  those  normally  proposed  for  metal 
column  investigations. 

An  excellent  discussion  of  the  creep  buckling  of  idealized  visco¬ 
elastic  columns  and  an  extensive  list  of  references  are  presented  by  Hoff 

2 . 3  Short-Time  Loading  of  Concrete  Columns 

Extensive  analytical  and  experimental  investigations  have  been 
made  of  the  behavior  of  reinforced  concrete  columns  under  short-time  load. 

The  analytical  investigations  have  essentially  used  the  general 
theory  of  von  Karman  ^1)  with  the  addition  of  a  varying  number  of  simpli¬ 
fying  assumptions.  The  more  recent  analytical  investigations  include  those 
of  Broms  and  Viest  ,  Pfrang  and  Siess  (33,34)^  Breen  ^),  and  Chang  . 
Pfrang  and  Siess  (33)  present;  a  good  review  of  analytical  column  investi¬ 
gations  prior  to  1961. 

The  short-time  strength  of  reinforced  concrete  columns  has  been 
extensively  studied  experimentally.  Two  of  the  major  investigations  have 
been  those  of  the  ACI  Column  Committee^2)  on  axially  loaded  columns  and 
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Hognestad  (29)  on  eccentrically  loaded  columns.  A  complete  list  of  reports 
published  by  the  ACI  Column  Committee  as  a  result  of  their  investigation 
is  included  in  the  ACI  Bibliography  No.  5  (2)  on  Reinforced  Concrete  Columns. 
More  recent  experimental  investigations  at  the  University  of  Texas  (3,4,13,14) 
consider  the  column  as  an  element  of  a  closed  rectangular  frame. 

2 . 4  Experimental  Investigations  of  Reinforced  Concrete  Columns  Under 

Sustained  Load 

The  ACI  Column  Committee  (2)  included  sustained  load  tests  as 
part  of  their  extensive  column  investigation  of  1930-34.  Because  the 
columns  tested  were  short,  axially  loaded  columns,  observed  changes  in 
column  strength  were  primarily  due  to  changes  in  concrete  strength  rather 
than  creep  or  shrinkage  of  the  concrete. 

Another  extensive  sustained  load  investigation  was  conducted  in 
1956  by  Viest,  Elstner,  and  Hognestad  (^) .  Again  the  columns  were  short 
columns  and  the  effect  of  the  dimensional  instability  of  the  concrete  was 
small.  These  columns  were  eccentrically  loaded. 

Gaede  (25)^  in  1958,  tested  16  pin  ended  columns  of  varying  length 
under  a  sustained  eccentric  load.  He  compared  the  experimental  results  with 
theoretical  results  based  on  the  work  of  Krieg  (22)  #  Gaede  reported  a  good 
correlation  between  test  results  and  theory  and  also  reported  a  definite 
decrease  in  the  buckling  strength  of  the  columns  as  a  result  of  the  creep 
of  concrete. 

In  1964,  Breen  and  Ferguson  (^  reported  an  extension  of  Breen's 
original  short-time  tests  ("^  on  closed  rectangular  frames  to  include  one 
test  under  a  sustained  load  of  90  days  duration.  This  frame  was  quick 
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loaded  to  failure  following  the  duration  of  sustained  load.  They  reported 
that  the  increase  in  the  concrete  strength  during  the  period  of  sustained 
load  more  than  offset  the  detrimental  effects  of  the  increased  column  de¬ 
flection  due  to  creep.  Furlong  and  Ferguson  ( conducted  a  similar  test 
as  an  extension  of  the  work  of  Furlong  (1^)  but  found  a  reduction  in  overall 
strength  due  to  the  sustained  load. 

Green  in  a  recent  investigation  at  the  University  of  Texas, 

has  reported  sustained  load  tests  of  ten  columns.  These  columns,  which 
were  unrestrained  and  of  constant  cross-section  and  length,  were  subjected 
to  a  sustained  eccentric  load  for  an  approximate  duration  of  loading  of  nine 
months.  The  major  variables  of  the  investigation  were  intensity  of  sus¬ 
tained  load,  and  magnitude  of  end  eccentricity.  Green  reported  that  the 
time  dependent  deformations  did  not  approach  limiting  values  at  the  end  of 
the  relatively  short  loading  periods  considered. 

2 . 5  Analytical  Investigations  of  the  Effect  of  Sustained  Load  on  the 

Behavior  of  Reinforced  Concrete  Columns 

In  1937  and  19 39, Dis chinger  (^,9)  published  a  series  of  papers 
on  a  theoretical  study  of  pin  ended  reinforced  concrete  columns  under  sus¬ 
tained  load.  The  major  simplifying  assumptions  were  linear  relationships 
between  stress  and  creep  strain  and  stress  and  instantaneous  strain. 

Prentis  and  Ross  (^6) ,  1948?  studied  the  effect  of  creep  on 

slender  reinforced  concrete  columns  with  hinged  ends.  They  assumed  that 
concrete  exhibited  linear  elastic  behavior  and  considered  the  effect  of 
creep  by  using  an  effective  or  reduced  modulus  of  elasticity. 

Krieg  (^2) ^  1954^  investigated  the  buckling  load  of  pin-ended 

columns  having  a  slight  initial  curvature.  His  analysis  assumed  a  non- 
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linear  elastic  stress -strain  relationship  and  a  linear  relationship  between 
instantaneous  and  creep  deformations.  This  analysis  was  based  on  the  general 
theory  of  von  Karman.  Krieg  did  not  consider  the  redistribution  of  stress 
from  concrete  to  steel  with  time  which  occurs  when  the  concrete  deforms  re¬ 
lative  to  the  steel. 

In  1957,  Ostlund  used  a  linearly  elastic  stress -stra in  re¬ 

lationship  for  short-time  loading  of  concrete  and  introduced  the  exponential 
creep-time  relationship  of  McHenry  (^4)  to  preciict  creep  strains.  Using 
the  work  of  McHenry,  the  creep  under  varying  stress  is  estimated  through 
superposition  of  creep-time  curves  obtained  under  constant  stress.  From 
results  for  pin-ended  columns,  Ostlund  concluded  that  the  reduction  in 
buckling  strength  of  a  concrete  column  due  to  creep  is  determined  solely 
by  that  part  of  the  creep  which  is  independent  of  the  age  at  first  loading. 
In  addition,  he  recommended  the  use  of  a  reduced  modulus  of  elasticity  in 
a  short-time  analysis  to  predict  the  influence  of  creep. 

Broms  and  Viest  (6)  included  several  sustained  load  investigations 
in  their  papers  on  short-time  stability  of  long  columns.  The  theory  used 
for  short-time  loading  was  that  of  von  Karman  with  the  additional  assumption 
of  a  cosine  wave  deflected  shape.  To  determine  the  behavior  of  a  column 
under  sustained  load, Broms  and  Viest  modified  the  Hognestad  stress- 

strain  curve  used  for  short-time  loads  to  account  for  creep.  The  modifi¬ 
cation  consisted  of  multiplying  the  strain  abscissae  by  two.  Broms  and 
Viest  used  this  reduced  modulus  approach  to  analyse  both  pin  ended  and 
restrained  columns.  The  assumed  restraints  were  linearly  elastic  and  did 

Naerlovic  -  Veljkovic"  in  1960,  used  as  his  model  a  pin 


not  creep. 
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ended,  initially  bent,  axially  loaded,  prestressed  concrete  column.  Con¬ 
crete  was  assumed  to  be  non-linear ly  elastic  but  linearly  viscious.  The 
deflected  shape  was  approximated  by  a  sine  wave.  Instability  apparently 
occurred  when  the  concrete  crushed  or  the  steel  yielded. 

Warner  and  Thurlimann  ,  in  1962,  recommended  several  i 


inno¬ 


vations  in  the  mathematical  model.  These  included: 

1.  a  short-time  stress -strain  curve  for  concrete  represented 
by  three  straight  lines 

2.  the  concrete  strength  was  assumed  to  decrease  exponentially 
with  time  to  a  value  reflecting  the  long  time  sustained  load 
effect  on  concrete  strength 

3.  a  non-linear  stress-creep  strain  relationship  for  high  con¬ 
crete  stresses . 

They  calculated  the  critical  eccentricity  of  a  pin  ended  column  with  an 
idealized  cross-section  consisting  of  two  flanges  and  a  web  of  zero  thick¬ 
ness.  The  critical  eccentricity  for  a  given  axial  load  is  defined  as  the 
eccentricity  below  which  an  infinite  life  time  results.  In  the  calculation 
of  this  eccentricity,  their  analysis  reduces  to  one  which  considers  only 
the  linear  elastic  and  linear  viscous  portions  of  their  proposed  concrete 


behavior  functions 


In  1963,  Holley  and  Mauch  (1^)  investigated  the  creep  buckling 
of  unrestrained,  initially  crooked,  pinned,  rectangular  columns  with 
symmetrical  reinforcement  .  Their  method  of  evaluation  of  concrete  strain 
was  perhaps  the  most  realistic  of  recent  analytical  investigations.  By 
considering  the  cross-section  as  composed  of  a  finite  number  of  fibres,  they 
were  able  to  allow  for  a  varying  stress-time  condition  in  any  fibre.  The 
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creep  in  any  fibre  under  a  varying  stress -time  condition  was  evaluated 
using  both  the  rate  of  creep  and  the  superposition  methods  of  estimating 
creep  under  variable  stress.  The  instantaneous  component  of  strain  was 
evaluated  considering  the  inelastic  behavior  of  concrete.  When  applying 
this  method  of  analysis  to  the  investigation  of  column  behavior,  Holley 
and  Mauch  simplified  the  calculations  by  assuming  that  the  deflected  shape 
of  the  column  could  be  represented  by  a  portion  of  a  sine  wave.  Using  this 
assumption,  only  one  point  along  the  column  length  need  be  analysed. 

In  1964,  Pfrang  (^2)  extencjed  his  short-time  investigations  of 
restrained  and  unrestrained  long  columns  to  include  time  effects.  Using 
an  effective  modulus  approach,  Pfrang  noted  that  in  some  cases,  the  capacity 
of  the  restrained  columns  was  increased  by  viscous  effects.  This  occurred 
if  the  restraint  moment  decreased  at  a  faster  rate  with  time  than  the  de¬ 
flection  moment  increased.  Pfrang  investigated  various  values  of  the 
effective  modulus  but  did  not  attempt  to  correlate  the  values  to  specific 
durations  of  loading.  The  restraints  considered  were  linearly  elastic. 

Distefano  has  been  concerned  with  a  completely  mathematical 
formulation  of  the  creep  buckling  problem.  In  his  latest  paper  ,  in 

1965,  he  has  extended  the  application  of  Volterra's  theory  of  hereditary 
phenomena  to  include  into  his  analysis  the  non-linearity  of  creep  with 
applied  stress.  The  complexity  of  the  mathematics  makes  his  method  difficult 
to  apply  to  non -homogeneous  materials.  In  applications  to  reinforced  con¬ 
crete  sections,  Distefano  has  considered  an  idealized  I  section.  For 
practical  use,  he  recommends  the  use  of  a  reduced  modulus  approach. 

Green  has  formulated  a  method  of  analysis  which  shows  a  good 

correlation  with  the  experimental  results  of  his  investigation  and  also 
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with  the  investigations  of  Viest,  Elstner,  and  Hognestad  and  Gaede  . 

The  method  of  analysis  is  essentially  a  reduced  modulus  approach,  but  Green 
has  defined  the  reduced  modulus  in  terms  of  observed  creep  behavior.  Using 
the  derived  stress -strain-time  diagrams,  the  response  of  a  column  section 
was  represented  in  terms  of  unique  moment -curvature- load -t ime  diagrams. 

An  iteration  process  was  used  to  predict  column  behavior  using  these  diagrams. 

2 . 6  Conclusion 

Previous  investigations  have  not  adequately  determined  the  be¬ 
havior  of  reinforced  concrete  long  columns  in  frameworks  under  sustained 
load.  While  experimental  investigations  give  the  best  indication  of  be¬ 
havior,  only  the  investigations  at  the  University  of  Texas  have  in¬ 

cluded  the  column  as  an  element  in  a  framework.  However,  a  duration  of 
loading  of  only  90  days  was  considered  in  these  investigations. 

Because  of  the  time  element  involved,  many  of  the  investigations 
have  been  analytical.  The  majority  of  these  investigations  are  limited 
in  their  applicability  by  the  varying  number  of  simplifying  assumptions 
which  have  been  made,  particularly  with  regards  to  concrete  properties  and 
the  method  of  column  restraint.  A  method  of  analysis  which  is  not  limited 
in  application  should  consider  the  effects  of  variations  in  stress  with 
time,  inelastic  behavior  of  concrete,  non-linear  response  of  the  restraint, 
and  creep  and  shrinkage  in  the  restraint,  as  all  of  these  factors  will 


influence  column  behavior. 
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CHAPTER  III 


MATERIAL  PROPERTIES 


3 . 1  Intr oduct ion 

This  thesis  deals  with  columns  made  up  of  two  materials;  concrete 
and  steel.  The  properties  of  both  materials  have  been  derived  empirically 
from  the  investigations  available  in  engineering  literature,  and  are  out¬ 
lined  in  this  chapter. 

The  properties  of  concrete  have  been  derived  with  respect  to  a 
fixed  set  of  composition,  curing, and  loading  conditions.  These  conditions, 
which  are  stated  in  SECTION  3.3.1,  were  assumed  to  apply  to  the  investigation 
of  columns  in  frameworks  in  CHAPTERS  VII  and  VIII.  For  other  than  this 
fixed  set  of  conditions,  the  properties  may  have  to  be  altered. 

The  properties  defined  in  this  chapter  were  used  in  this  thesis, 
but  they  can  be  changed  for  future  applications  of  the  analysis.  In  other 
words,  they  need  not  limit  the  applicability  of  the  analysis. 

3 . 2  Steel  Reinforcement 

Steel  has  been  assumed  to  be  an  ideal  elasto-plastic  material. 
Strain  hardening,  rupture,  and  buckling  of  the  reinforcement  were  not  con¬ 
sidered  because  of  the  small  strains  experienced  when  in  combination  with 
concrete.  Creep  or  relaxation  of  steel  under  sustained  stress  was  also 
neglected.  The  assumed  stress -strain  law  for  reinforcing  steel  is  shown 
in  FIGURE  3.1. 
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FIGURE  3.1 

ASSUMED  STRESS -STRAIN  BEHAVIOR 
FOR  REINFORCING  STEEL 


3 . 3  Concrete 

Concrete  was  assumed  to  be  a  visco-elasto-plastic  material  that 
also  exhibited  shrinkage.  The  idealized  stress -strain  behavior  presented 
in  this  section  was  derived  from  descriptions  of  concrete  behavior  in  the 
engineering  literature.  The  balance  of  this  chapter  contains  a  discussion 
of  the  assumptions  and  idealizations  made  in  deriving  mathematical  ex¬ 
pressions  for  the  concrete  behavior  under  short-time  and  sustained  loads. 
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3.3.1  Concrete  Composition  and  Curing 

It  is  well  known  that  concrete  properties  vary  with  the  com¬ 
position  of  concrete  and  the  type  of  curing.  In  order  to  be  consistent 
in  the  presentation  of  a  concrete  behavior  theory,  the  composition  and 
the  curing  of  the  concrete  were  assumed  to  be  constant  at  the  following 
values . 

1.  Concrete  composition: 

(a)  aggregate/cement  (wt)  =6.0 

(b)  water /cement  (wt)  =  0.60 

(c)  granite  aggregate 

(d)  Type  I  (normal)  Portland  Cement 

2.  Concrete  curing: 

(a)  seven  days  at  1007.  relative  humidity  and  70°F 

(b)  remainder  at  507>  relative  humidity  and  70°F 

3.  Age  of  concrete  at  first  application  of  load  =  28  days. 

The  laboratory  investigations  of  existing  engineering  literature 
used  in  this  section  have  been  chosen  to  comply  approximately  with  the  above 
specifications.  Where  this  was  not  possible,  the  results  of  other  literature 
have  been  modified  using  the  work  of  various  investigators  to  apply  to  these 
conditions . 

3.3.2  Prediction  of  Total  Concrete  Strain  for  any  Loading  History 

Concrete  experiences  three  modes  of  deformation  when  subjected 
to  normal  structural  conditions.  These  are: 

(a)  instantaneous  deformation  including  both  recoverable  (elastic) 

and  irrecoverable  (plastic)  strains 


' 
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(b)  creep  deformation 

(c)  shrinkage  deformation 

By  assuming  that  each  of  these  component  strains  can  be  assessed  independently, 
the  total  strain  of  concrete  for  any  loading  history  can  be  computed  from 

eT  =  €IN  +  eCR  +  eSH 

A  relationship  of  this  form  has  been  used  previously  by  Bresler  and  Selna^^ . 

An  independent  prediction  of  each  component  implies  that  creep 
and  shrinkage  are  not  related  phenomena.  Since  this  is  not  strictly 
correct  (^8) ^  the  creep  prediction  curves  used  in  this  thesis  were  obtain¬ 
ed  in  the  presence  of  shrinkage  in  order  to  minimize  the  error  which  could 
result  from  this  assumption. 

3.3.3  Failure  of  Concrete 

Concrete  was  assumed  to  fail  in  compression  when  the  instantaneous 
component  of  total  strain  exceeds  a  maximum  permissible  strain,  €u  ,  and 
to  fail  in  tension  when  the  tensile  stress  exceeds  the  tensile  strength. 

The  maximum  fibre  strain  in  a  concrete  cross-section  at  failure 
under  eccentric  short-time  load  has  been  shown  by  Rusch  to  depencl  on 

concrete  strength,  rate  of  loading,  position  of  the  neutral  axis,  and  the 
shape  of  the  cross-section.  He  shows  that  concrete  fails  when  the  load 
capacity  of  the  section  reaches  a  maximum  rather  than  when  the  strain 
reaches  a  maximum.  This  helps  to  explain  the  wide  divergence  of  values 
obtained  for  the  parameter,  eu  ,  by  various  investigators  who  have  not 
considered  one  or  more  of  the  variables.  However,  for  simplicity  in  de¬ 
fining  the  stress -strain  curve,  a  limiting  compression  strain  has  been  used. 
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The  value  of  this  strain  used  in  this  thesis  is  the  well-documented  value 
of  0.0038  obtained  by  Hognestad  in  short-time  tests  of  eccentrically 

loaded,  rectangular,  reinforced  concrete  columns. 

The  tensile  strength  of  concrete  was  computed  using  a  value  of 
the  modulus  of  rupture  listed  by  Neville  anci  credited  to  the  European 

Concrete  Committee. 

ft  - 9-5  \T^I  =  kt 

where  kt  is  a  constant  for  any  given  compressive  strength. 

3.3.4  Concrete  Strength  in  Compression 

Concrete  strength  is  defined  as  the  maximum  compressive  stress 
which  can  be  resisted  by  the  concrete  in  a  structure.  It  is  usually  taken 
as  some  fraction  of  the  compressive  strength  of  six  inch  by  twelve  inch 
cylinders  from  the  same  mix.  The  fraction  reflects  the  inability  to  obtain 
the  same  grade  of  concrete  in  a  structure  as  is  obtained  in  the  companion 
cylinders . 

In  this  thesis,  the  compressive  strength  of  the  concrete  in  a 
structure  was  taken  equal  to  k^f^  where  f^a  is  the  standard  cylinder 
strength  at  the  time  of  first  loading.  The  modification  factor,  k^  , 
was  assumed  to  be  constant  with  time,  or  in  other  words,  the  concrete 
strength  in  the  structure  was  assumed  to  be  constant  with  time. 

Riisch  (^0)  has  studied  the  effect  of  sustained  load  on  concrete 
strength,  and  has  shown  that  two  factors  have  a  major  effect  on  the  strength¬ 
time  relationship.  Sustained  high  load  tends  to  cause  a  reduction  in 
strength,  while  continued  exposure  to  the  atmosphere  promotes  additional 
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curing  accompanied  by  strength  gain.  Which  factor  has  the  dominating  in¬ 
fluence  on  the  strength  depends  on  the  age  of  the  concrete  at  first  loading 
and  on  the  curing  conditions.  For  Rusch's  tests,  the  curing  conditions 
under  load  were  a  relative  humidity  of  65  per  cent  and  a  temperature  of 
20°C.  He  shows  that  with  these  conditions,  a  specimen  subjected  to  a  high 
load  at  an  age  of  ten  days  experiences  an  overall  strength  increase  with 
time,  and  a  specimen  subjected  to  a  high  load  at  an  age  of  56  days  ex¬ 
periences  an  overall  strength  decrease  with  time.  The  effect  of  inter¬ 
mediate  load  levels,  rather  than  high  load  levels,  was  not  investigated. 

The  influence  of  normal  construction  loading  and  curing  conditions 
on  the  strength  of  structural  concrete  is  unknown,  but  it  is  not  inconceiv¬ 
able,  that  under  the  curing  conditions  assumed  in  SECTION  3.3.1,  very 
little  change  in  strength  will  be  experienced  with  time.  For  this  reason, 
the  value  of  k3  ,  and  thus  concrete  strength,  have  been  assumed  to  be 
independent  of  time  in  this  thesis. 

Although  the  relationship  between  structural  concrete  strength 
and  cylinder  strength  is  dependent  on  many  factors,  particularly  in  columns, 
the  value  of  k3  has  been  set  at  0.85  for  the  column  investigation  in 
CHAPTERS  VII  and  VIII.  This  value  was  proposed  by  Hognestad  (19)  and 
further  confirmed  by  Hognestad,  Hanson,  and  McHenry  (^0) . 

3.3.5  Effect  of  Eccentric  Loading 

Eccentric  loading  affects  both  the  strength  and  the  failure 
strain  of  concrete. 

Sturman,  Shah,  and  Winter  (^)  ,  fr0m  tests  on  micro-cracking 
of  concrete  prisms,  reported  that  the  presence  of  a  strain  gradient  in- 
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creased  concrete  strength  by  about  20  per  cent  over  that  obtained  from 
the  concentric  loading  of  prisms  of  similar  concrete. 

Rusch  (^0)  has  a^so  studied  the  effect  of  eccentric  loading 
on  the  strength  of  concrete  prisms.  He  has  considered  both  short-time 
and  sustained  loads.  According  to  his  tests,  the  concrete  strength 
under  eccentric  loading  was  virtually  independent  of  the  duration  of  the 
sustained  load.  With  regard  to  the  effect  of  eccentric  loading  on  concrete 
strength,  Rusch  has  plotted  the  solid  curve  shown  in  FIGURE  3.2.  By  using 
the  non-dimensional  form  of  the  average  cross-section  stress  as  the  ordinate 
parameter,  the  effect  of  eccentricity  on  concrete  strength  was  not  directly 
visible.  In  order  to  determine  the  nature  of  this  effect,  the  analytical 
curve  in  FIGURE  3.2  was  derived  using  the  same  parameters,  but  considering 
a  concrete  strength  which  was  independent  of  eccentricity.  This  curve  is 
based  on  the  stress-strain  curve  presented  in  FIGURE  3.3. 

Comparison  of  the  two  curves  in  FIGURE  3.2  indicates  that  Rusch 
found  very  little  change  in  concrete  strength  due  to  eccentric  loading. 

Using  the  work  of  Rusch,  the  assumption  was  made  in  this  thesis 
that  concrete  strength  is  unaltered  by  eccentric  loading. 

According  to  the  tests  by  Sturman,  et  al,  and  Rusch,  eccentric 
loading  tends  to  increase  the  ultimate  concrete  strain  eu  .  The  choice 
of  eu  made  in  SECTION  3.3.3  was  based  on  tests  which  considered  ec¬ 


centric  loading. 
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EFFECT  OF  ECCENTRICITY  ON  CONCRETE  STRENGTH 

3.3.6  Instantaneous  Response  of  Concrete 

The  instantaneous  strain  included  both  recoverable  (elastic) 
and  irrecoverable  (plastic)  strains.  The  shape  of  the  assumed  stress- 
strain  curve  and  the  limits  discussed  in  the  preceeding  sections  are 


shown  in  FIGURE  3.3. 
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FIGURE  3.3 

INSTANTANEOUS  STRESS -STRAIN  RESPONSE 
FOR  CONCRETE 


The  portion  of  the  stress -strain  curve  from  ec  =  0  to  ec  =  €0  was 
chosen  from  the  work  of  Hognestad  The  curve  is  parabolic  in  shape 

and  is  defined  by  the  equation 
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where 


2^3  ^ca 


The  initial  tangent  modulus  Ec  was  based  on  the  expression 
derived  by  Pauw 

Ec  =  60,000  \J  f^a  (in  psi) 

The  initial  tangent  modulus  has  been  assumed  to  be  a  constant  with  time  in 
this  analysis.  Washa  and  Fluck  have  shown  that  the  modulus  of  elasticity 

increases  slightly  under  sustained  load.  This  finding  is  supported  by  other 
investigators  including  Roll  (^8)  whQ  suggests  that  the  higher  strains  pro¬ 
duced  on  first  loading  of  concrete,  as  compared  to  the  strains  produced  on 
later  unloading,  could  be  due  to  the  localized  destruction  of  particle 
cohesion  experienced  by  the  concrete  when  initially  resisting  load.  If 
this  is  the  case,  then  the  assumption  of  a  constant  modulus  with  time  may 
not  be  in  error  for  structural  application,  as  initial  loadings  are  pro¬ 
duced  by  construction  and  not  by  the  design  loads. 

The  shape  of  the  stress -strain  curve  between  eQ  and  eu  was 
based  on  the  work  of  Rasch  (^7)  which  showed  that  an  increased  resistance 
occurred  in  this  zone  under  slow  rates  of  straining.  The  strain  rates 
which  are  associated  with  the  redistribution  of  stress  under  sustained 
load  are  assumed  to  be  slow  strain  rates. 

For  simplicity,  the  shape  of  the  stress -strain  curve  between  zero 
stress  and  the  tensile  strength  of  concrete  was  assumed  to  be  identical  to 
the  initial  portion  of  the  compressive  relationship. 
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Unloading  and  subsequent  reloading  of  concrete  are  assumed  to 
occur  along  a  line  parallel  to  the  initial  tangent  modulus  ^ . 

3.3.7  Concrete  Shrinkage 

The  shrinkage-time  curve  derived  by  Troxell,  Raphael,  and  Davis 
was  adopted  for  the  analysis.  This  curve  is  shown  in  FIGURE  3.4  along  with 
the  shrinkage- time  curves  of  several  other  investigators  ( 12 , 35 , 43, 47)  ^ 

The  Troxell,  Raphael,  and  Davis  curve  was  derived  under  laboratory  con¬ 
ditions  which  were  similar  to  the  conditions  assumed  in  SECTION  3.3.1,  and 
it  has  the  advantage  of  depicting  shrinkage  strains  up  to  25  years . 

3.3.8  Concrete  Creep 

Creep-stress-time  relationships  are  generally  determined  from 
tests  of  specimens  under  constant  sustained  stress.  Because  the  stresses 
in  a  structure  under  sustained  load  are  constantly  changing,  this  normal 
creep  data  is  not  directly  usable  for  structural  investigation.  A  method 
of  computation  is  needed  which  can  apply  creep  data  obtained  under  con¬ 
stant  stress  to  a  variable  stress  problem. 

The  rate  of  creep  method  discussed  by  Ross  ^9)  was  useci  to 
determine  creep  strain  under  a  varying  stress.  According  to  this  method, 
the  creep  during  any  increment  of  time  is  dependent  only  on  the  stress 
during  that  increment  and  not  on  the  previous  stress  history.  The  total 
creep  strain  after  any  duration  of  loading  is  then  obtained  by  a  summation 
of  the  creep  increments  up  to  that  time.  A  limitation  of  this  method  is 
that  no  creep  recovery  occurs  on  removal  of  the  load. 

Although  the  calculation  of  creep  by  the  rate  of  creep  method 
implies  a  continuous  integration  of  the  stress-time  function,  the  method 
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is  more  easily  adapted  to  the  computer  using  a  numerical  integration  pro¬ 
cedure.  This  was  done  in  this  thesis  by  dividing  the  time  under  sustained 
load  into  finite  time  increments  and  then  assuming  that  the  stress  during 

4 

any  time  increment  was  constant  and  equal  to  the  stress  existing  at  the 
end  of  the  increment.  A  study  of  the  effects  of  this  type  of  discretization 
was  made  in  CHAPTER  V  and  the  results  indicated  that  for  long  durations  of 
loading  (25  years),  sufficiently  accurate  results  can  be  obtained  using 
three  time  increments.  The  three  time  increments  were  selected  to  divide 
the  total  creep  into  three  equal  divisions  and  thus  the  calculations  apply 
to  the  approximate  durations  of  loading  of  seven  days,  nine  months,  and 
25  years . 

Discretization  using  three  time  increments  for  a  hypothetical 
duration  of  loading  of  25  years  implies  that  a  reduced  modulus  approach  will 
give  satisfactory  results  after  a  duration  of  load  of  seven  days.  This  has 
been  shown  by  Green  to  a  justifiable  assumption. 

The  quantitative  prediction  of  creep  in  this  thesis  was  based  on 
the  work  of  Rusch  wh0  presented  the  stress -strain-time  curves  shown 

in  FIGURE  -3.5.  These  curves  have  been  modified  to  apply  to  the  conditions 
assumed  in  SECTION  3.3.1  and  also  to  be  compatible  with  the  other  assumptions 
of  the  preceeding  sections. 

The  conditions  under  which  Rusch' s  curves  were  derived*  are 
listed  below: 

1.  age  of  loading  =  56  days 


^Information  from  a  private  communication  with  H.  Hilsdorf,  Research 
Associate,  Munich  Technical  Institute. 
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2. 


3. 

4. 

5. 

6 . 

7. 


sect  ions , 
manner : 


curing  conditions: 

(a)  7  days  at  20°C  and  99%  relative  humidity 

(b)  remainder  of  curing  including  the  period  under  sustained 
load  at  20°C  and  657o  relative  humidity 

aggregate/cement  (weight)  =  5.40 

water /cement  (weight)  =  0.55 

aggregate  was  Rhine  gravel  and  quartz  flour 

cement  was  PZ275  (normal  port  land) 

shrinkage  strains  on  unloaded  specimens  were  subtracted  from 
total  strains  to  obtain  the  reported  creep  strains. 

In  order  to  take  into  account  the  assumptions  of  the  preceeding 
the  curves  of  FIGURE  3.5  have  been  modified  in  the  following 


1.  Short-time  strains  (t  =  20  min)  were  subtracted  from  all  strain 
abscissae  to  give  creep  strains. 

2.  Results  were  transformed  vertically  to  be  tangent  to  a  horizontal 
failure  limit  line  through  fc/k-^f^  =  1.00.  This  modification 
is  made  in  conjunction  with  the  assumption  made  in  SECTION  3.3.4. 

3.  The  creep  strain  abscissae  were  multiplied  by  a  factor  of  1.30 
to  account  for  the  difference  in  curing  conditions  between 
Rusch's  tests  and  those  assumed  in  SECTION  3.3.1.  The  choice 
of  1.30  was  based  on  the  work  of  Troxell,  Raphael,  and  Davis 
The  modified  curves  are  shown  in  FIGURE  3.6.  Also  shown  in 

FIGURE  3.6  are  the  three  creep  curves  which  were  used  in  applying  the  rate 
of  creep  method  in  this  thesis.  These  curves  have  been  obtained  by  fitting 
a  mathematical  equation  to  the  modified  creep  limit  line  (t  =  25  years) 
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and  then  dividing  the  region  between  this  line  and  the  ordinate  axis  into 
three  regions  of  approximately  equal  creep.  The  curves  obtained  correspond 
to  the  approximate  durations  of  sustained  load  of  seven  days,  nine  months, 
and  25  years. 


The  general  form  of  the  mathematical  creep  equation  is: 


where  FI,  F2,  and  F3  are  coefficients  and  K  is  the  reference  to  the 
time  or  loading  stages.  The  coefficients  are  included  in  TABLE  3.1. 


TABLE  3.1 

COEFFICIENTS  OF  THE  MATHEMATICAL 
CREEP  EQUATIONS 


Coefficient 

7  days 

9  mon. 

25  years 

F1(K) 

0.0009 

0.0018 

0.0028 

F2(K) 

0.0008 

0.0016 

0.0025 

F  3  (K) 

0.0007 

0.0014 

0.0021 
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When  considering  other  than  the  three  time  increments  used  above, 
the  coefficients  of  the  mathematical  creep  equations  can  be  evaluated  from 
the  following  empirical  formulae: 

F 1  (K)  =  0.0009  (0.64  log1Qt  +  0.4) 

F2(K)  =  0.0008  (0.64  log1Qt  4-  0.4) 

F3(K)  =  0.0007  (0.64  log1Qt  4-  0.4) 

where  t  =  duration  of  loading  in  days. 

A  modification  of  the  curves  of  FIGURE  3.6  to  account  for  con¬ 
crete  strength  has  not  been  made.  The  creep  relationships  were  assumed 
to  be  a  function  of  the  parameter  fc^3^ca  rather  than  the  stress. 

The  proposed  creep  relations  were  also  assumed  to  apply  for  con¬ 
crete  in  tension.  In  this  case,  the  absolute  value  of  stress  must  be  used 
in  the  cubic  equations  and  the  calculated  result  assigned  a  negative  sign. 

3 . 4  Conclusion 

The  properties  of  concrete  and  reinforcing  steel  outlined  in 
this  chapter  have  been  formulated  with  the  aid  of  many  assumptions.  These 
assumptions  are  limitations  of  the  method  of  analysis  developed  in  CHAPTER  IV. 

The  variables  discussed  in  CHAPTER  III  are  assigned  numerical 
values  prior  to  their  use  in  the  thesis.  Although  some  of  the  variables 
have  been  assigned  numerical  values  in  this  chapter,  these  values  apply 
specifically  to  only  the  frames  investigated  in  this  thesis.  For  a  corre¬ 
lation  of  the  analysis  to  existing  tests,  the  values  of  the  variables, 
particularly  those  associated  with  creep  and  shrinkage,  must  comply  with 
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the  actual  conditions  of  the  test  rather  than  with  the  conditions  assumed 
in  SECTION  3.3.1.  Transformation  of  creep  data  for  this  purpose  can  be 
made  using  the  work  of  Neville  and  Meyers  (^8) . 
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CHAPTER  IV 


METHOD  OF  ANALYSIS 


4. 1  Introduction 

The  method  of  analysis  used  in  this  thesis  combines  trial  and 
error  procedures  and  numerical  integration  to  determine  the  equilibrium 
configurations  of  structural  elements  under  load. 

There  are  two  possible  combinations  of  loading  stages  considered 
in  this  thesis: 

1.  Short-time  loading  of  a  member.  All  loading  stages  in  this 
case  are  associated  with  the  application  of  increments  of 
short-time  load. 

2.  Short-time  loading  to  a  working  load  level,  followed  by  a  period 
of  sustained  load  at  this  load  level,  followed  by  quick  loading 
to  failure.  In  this  case,  the  first  loading  stage  is  associated 
with  the  application  of  short-time  load  to  the  level  of  working 
load.  Up  to  three  loading  stages  are  then  applied  which  are 
associated  with  the  application  of  time  increments  under  the 
level  of  sustained  working  load.  Subsequent  loading  stages 

are  again  associated  with  the  application  of  increments  of 
quick  load. 

The  analysis  can  be  divided  into  four  major  parts: 

1.  the  analysis  of  a  fibre 

2.  the  analysis  of  a  cross-section  composed  of  a  number  of  fibres 
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3.  the  analysis  of  a  member  composed  of  a  number  of  cross-sections 

4.  the  analysis  of  a  framework  composed  of  a  number  of  members. 

The  four  stages  of  analysis  are  related  to  one  another  by  the  equilibrium 
and  compatibility  of  the  elements  in  the  model  being  studied. 

The  following  paragraphs  include  the  assumptions,  the  sign  con¬ 
vention,  and  a  detailed  description  of  the  four  stages  of  the  analysis. 

The  final  section  of  this  chapter  emphasizes  the  limitations  of  the  analysis. 

The  analysis  has  been  adapted  for  use  on  the  IBM  7040  digital 
computer  at  the  University  of  Alberta.  The  computer  flow  diagrams  of 
APPENDIX  A  are  referenced  in  this  chapter  to  facilitate  the  description 
of  the  analysis . 

4 . 2  Assumptions  of  the  Analysis 
4.2.1  Assumptions  of  the  Fibre  Analysis 

A  concrete  fibre  is  defined  as  the  element  of  the  cross-section 
obtained  by  passing  two  parallel  planes  through  the  section  in  a  direction 
perpendicular  to  both  the  plane  of  the  cross-section  and  the  plane  of 
principal  bending. 

The  assumptions  of  fibre  analysis  are: 

1.  The  material  properties  of  CHAPTER  III  are  applicable. 

2.  The  fibre  stress  is  constant  under  any  loading  stage.  A 
loading  stage  is  defined  as  either  an  application  of  an 
increment  of  external  load  (quick  loading)  or  an  application 
of  a  time  increment  in  the  case  of  sustained  load. 
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4.2.2  Assumptions  of  Cross-Section  Analysis 

The  following  assumptions  are  made  in  analyzing  a  cross-section: 

1.  The  cross-section  is  composed  of  a  finite  number  of  fibres 
equally  spaced  over  the  depth  of  the  section. 

2.  Sections  perpendicular  to  the  axis  of  a  member,  that  are  plane 
before  loading,  remain  plane  after  loading  whether  the  loading 
is  sustained  or  quick.  The  effect  of  shear  on  the  strains, 
normal  stresses,  and  deflections  is  thus  considered  as  negligible 

3.  Perfect  bond  exists  between  concrete  and  reinforcing  steel  at 
all  times. 

4.  Numerical  integration  procedures  satisfactorily  predict  the 
internal  load  and  moment  at  a  cross-section. 

5.  The  cross-section  is  considered  to  have  failed  when  one  of  the 
component  fibres  has  failed  in  compression. 

6.  Bending  of  a  cross-section  occurs  about  one  principal  axis  only. 
This  implies  that  component  fibres  have  a  constant  behavior 
over  their  width. 

7.  The  area  of  the  concrete  displaced  by  the  reinforcing  steel  is 
neglected . 

4.2.3  Assumptions  of  Member  Analysis 

1.  The  member  is  composed  of  a  finite  number  of  cross-sections 
equally  spaced  over  the  length  of  the  member. 

2.  Numerical  integration  procedures  satisfactorily  relate  the  in¬ 
ternal  behavior  of  the  member  to  the  external  boundary  conditions 
Deflections  are  small  compared  to  the  length  of  the  member. 
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4.2.4  Assumptions  of  Frame  Analysis 

1.  The  end  rotations  of  members  at  a  common  joint  are  equal  to 
one  another . 

2.  The  unbalanced  moment  at  a  joint  is  distributed  to  the  members 
according  to  their  relative  stiffnesses  at  the  time  under  con¬ 
sideration. 

3.  The  effect  of  axial  deformations  is  negligible. 

4. 3  Sign  Convention 

The  following  sign  conventions  have  been  used  in  this  analysis: 

1.  Compressive  stresses  and  strains  are  positive. 

2.  A  beam  moment  that  causes  compression  in  the  top  face  of  the 
beam  is  positive. 

3.  A  column  moment  that  causes  compression  in  the  right  face  of 
the  column  is  positive.  (It  is  assumed  that  the  beam  is 
located  to  the  left  of  the  column) . 

4.  A  positive  curvature  is  associated  with  a  positive  moment. 

5.  Positive  rotations  and  deflections  are  associated  with  positive 
values  of  curvature. 

4 . 4  Analysis  of  a  Fibre 

The  analysis  of  a  fibre  is  the  direct  application  of  the  material 
properties  of  CHAPTER  III  to  the  concrete  of  a  structural  member  exposed 
to  the  various  possible  loading  stages. 

Each  cross-section  is  divided  into  a  number  of  fibres  as  shown 
in  FIGURE  4.1.  A  fibre  is  analysed  at  its  edge  points  L  after  each  load¬ 


ing  stage. 
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L=  1 
L=2 
L=3 
L=4 

L=M+1 


FIGURE  4.1 

DIVISION  OF  A  CROSS-SECTION  INTO  FIBRES 

The  analysis  described  in  the  following  paragraphs  is  depicted 
diagrammatically  by  the  flow  diagram  of  APPENDIX  A. 2.  The  computer  termi¬ 
nology  is  defined  in  APPENDIX  A.l. 

4.4.1  Establishment  of  S tres s -Strain  Compatibility 

For  a  known  value  of  strain  at  any  point  L  ,  the  compatible 
value  of  stress  is  determined  by  trial  and  error.  Starting  with  an  initial 
assumed  value  of  stress,  the  total  strain  is  computed  and  compared  to  the 
known  value  of  strain.  If  agreement  between  strains  is  not  obtained,  the 
stress  is  incremented  and  the  procedure  is  repeated  until  the  computed 
strain  and  the  known  strain  differ  by  a  quantity  less  than  a  predetermined 
permissible  variation  in  strain. 

4.4.2  Initial  Assumption  of  Fibre  Stress 

To  facilitate  convergence  of  the  trial  and  error  procedure,  the 
initial  assumed  value  of  fibre  stress  should  be  as  close  as  possible  to 
the  actual  fibre  stress. 

For  the  first  application  of  load,  all  fibre  stresses  were  in¬ 
itially  assumed  to  be  zero.  The  initial  assumption  of  fibre  stress  for 


M  =  no.  of  fibres 
L  =  position  variable 
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subsequent  load  stages,  whether  quick  or  sustained,  was  taken  as  the  value 
existing  at  the  end  of  the  previous  load  stage. 

If  the  stress  in  a  fibre  is  calculated  more  than  once  during 
any  load  stage  (as  will  occur  when  redistribution  of  moment  is  considered), 
the  initial  assumption  of  stress  was  that  obtained  in  the  previous  calculation. 

4.4.3  Calculation  of  Strain  from  Stress 

Concrete  strains  are  calculated  using  the  following  expression 
which  has  been  discussed  in  SECTION  3.3.2. 

£j(K)  =  €g^(K)  -I-  +  eCR^^ 

where  K  is  the  number  of  the  loading  stage 

(a)  Shrinkage  component 

When  sustained  loading  stages  are  considered,  the  shrinkage 
strain  existing  at  the  end  of  the  time  increment  can  be  read 
directly  from  the  curve  of  Troxell,  Raphael  and  Davis  in 

FIGURE  3.4. 

The  shrinkage  component  of  strain  for  the  quick  loading  stages 
which  follow  the  sustained  load  stages  is  equal  to  the  shrinkage 
strain  at  the  end  of  the  sustained  load  period. 

(b)  Instantaneous  component  £in(K) 

The  instantaneous  component  of  total  strain  can  be  determined 
from  the  concrete  stress -strain  curve  of  FIGURE  3.3.  Whether 
or  not  the  unloading -loading  branch  is  to  be  used  is  determined 
by  a  comparison  of  the  fibre  stress  in  the  loading  stage  being 
considered  to  the  corresponding  fibre  stresses  in  the  previous 
loading  stages. 
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(c)  Creep  component  eCR^^ 

The  creep  component  of  total  strain  is  calculated  using  the 
rate  of  creep  method  and  the  curves  of  FIGURE  3.6  as  outlined 
in  SECTION  3.3.8.  For  the  quick  loading  stages  following  the 
sustained  loading  stages,  the  fibre  retains  the  creep  strain 
existing  at  the  end  of  the  sustained  loading  period. 


4.4.4  Permissible  Variation  in  Fibre  Strain 

The  maximum  permissible  variation  in  fibre  strain  for  any  load' 
ing  stage  K  is  preset  at  a  value  of  DELE(K) .  DELE(K)  is  the  variation 
allowed  in  a  fibre  exposed  to  maximum  stress.  For  fibres  exposed  to 
stresses  less  than  the  maximum  value,  the  permissible  variation  is  some 
fraction  of  DELE(K)  according  to  the  following  relationships. 


let  ZZ  = 


£IN (K) 


£max  (K-l) 


where  =  instantaneous  component  of  total  strain  in  the  fibre 

under  loading  stage  K  . 

emax^K=^=  strain  in  the  fibre  under  short-time  loading  when 
the  maximum  stress  is  first  reached 

for  ZZ<0.50 

DELE(K) 

Ae  =  4( 1-ZZ) 

0.50  <ZZ<  1.00 

A€  =  DELE(K)*  ZZ 
and  for  ZZ  1.00 


Ae  =  DELE(K) 
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where  Ae  =  permissible  variation  in  strain. 

The  permissible  variation  in  strain  is  reduced  for  lightly 
stressed  fibres  to  keep  the  associated  stress  error,  which  is  generated 
by  the  allowable  variation  in  strain,  to  a  minimum.  If  the  reduction  is 
not  made,  the  stress  error  can  be  high  in  lightly  stressed  fibres  because 
of  the  non-linear  nature  of  the  stress -strain  relationship. 

4.4.5  Incrementing  of  Fibre  Stress 

The  stress  increment  should  not  generate  a  strain  increment 
greater  than  two  times  the  allowable  variation  in  strain.  If  this  occurs, 
the  trial  and  error  procedure  will  not  converge.  Using  the  terminology 
of  SECTION  4.4.4,  the  following  stress  increments  were  established  by  con¬ 
sidering  the  non-linear  stress -strain  relationships. 

for  ZZ  <  0.50 

A<T  =  DELS  (K) 

for  0.50  <  ZZ  <  1.00 

ACT  =  2DELS  (K)  (1-ZZ) 

for  ZZ  >  1.00 

ACT  =  DELS  (K) 

where  A =  stress  increment 

DELS(K)  =  maximum  possible  stress  increment. 


The  quantity  DELS (K)  need  not  be  exactly  preset.  If  the  initial 
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choice  of  DELS(K)  is  too  high  to  allow  for  convergence  of  the  procedure, 
the  computer  analysis  allows  for  incrementing  of  DELS(K)  until  convergence 
occurs . 

4.4.6  Fibre  Failure 

A  fibre  fails  according  to  the  material  property  assumptions  out¬ 
lined  in  SECTION  3.3.3. 

When  a  compression  failure  occurs,  the  fibre  can  no  longer  carry 

load  of  any  type.  However,  when  a  fibre  cracks  due  to  tension  it  can  no 

longer  carry  a  tensile  load  but  can  carry  a  compression  load  if  the  need 

arises.  Although  tensile  creep  was  included,  a  tensile  crack  was  assumed  to 
close  immediately  on  stress  reversal. 

4 . 5  Analysis  of  a  Cross-Section 

The  analysis  of  a  cross-section  is  the  direct  application  of  the 
assumptions  of  SECTION  4.2.2  to  the  problem  of  determining  an  internal 
load  and  moment  compatible  with  the  known  external  load  and  moment  acting 
on  the  cross-section. 

The  flow  diagrams  of  APPENDIX  A. 3  give  a  diagrammatical 
representation  of  the  analysis  applied  to  a  beam  cross-section  with  no 
compression  steel  and  a  column  cross-section  with  symmetrical  reinforcement. 
The  notation  used  in  the  computer  flow  diagrams  and  programs  is  defined 
in  APPENDIX  A.l. 

4.5.1  Establishment  of  Load  and  Moment  Compatibility 

A  trial  and  error  procedure  is  used  to  determine  the  internal 
load  and  moment  at  a  cross-section  compatible  with  known  values  of  applied 


load  and  moment . 
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A  strain  distribution  is  first  assumed  and  the  internal  load  and 
moment  associated  with  it  are  calculated.  The  calculated  load  and  moment 
are  then  compared  to  the  applied  load  and  moment.  If  the  comparison  is 
not  favorable,  the  assumed  strain  distribution  is  incremented  and  the 
procedure  repeated  until  the  respective  quantities  differ  by  less  than  a 
prescribed  permissible  variation  in  load  and  moment. 

4.5.2  Calculation  of  Internal  Load  and  Moment 

The  cross-section  of  the  beam  or  column  was  assumed  to  be  com¬ 
posed  of  a  finite  number  of  discrete  fibres  as  shown  in  FIGURE  4.1.  For 
any  linear  strain  distribution,  the  stress  at  the  edge  of  each  fibre  can 
be  calculated  from  the  fibre  analysis  outlined  in  SECTION  4.4.  FIGURE  4.2 
shows  the  relationship  between  the  fibre  location  and  the  stress  and  strain 
distributions . 


FIGURE  4 
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The  steel  strains  can  be  readily  computed  from  the  strain  dis¬ 
tribution. 


€ 


I 

s 


=  e4 


es  =  e4 


(t-d') 

t 


0 


where 


The  steel  stresses  are  computed  from  the  steel  strains  and  the 
modulus  of  elasticity  of  steel.  If  the  calculation  of  steel  stress  leads 
to  a  value  greater  than  the  yield  stress,  the  corresponding  steel  stress 
is  equated  to  the  yield  stress.  Unloading  of  the  steel  is  detected  by 
a  comparison  of  the  steel  stress  in  any  loading  stage  to  the  corresponding 
steel  stress  in  the  previous  loading  stage. 

The  internal  load  and  moment  are  computed  from  the  steel  and 
concrete  stress  distributions  by  numerical  integration  of  the  general 
formulae : 


P 


-I- 


As£s 


+ 


As£ 


s 


where 


and 


BM  =  b 


fcydy  +  Asfs<y  -  d')  “  Asfs(t  -  y  -  d') 


-T 

y  =  the  distance  from  the  compression  face  to  the  plastic  centroid 
of  the  cross-section. 

y  =  distance  from  the  plastic  centroid  to  the  fibre. 

The  numerical  integration  procedures  used  in  this  thesis  are 

(29) 


similar  to  those  used  by  Newmark 


The  total  load  on  the  concrete 
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of  the  cross-section  is  made  up  of  a  series  of  equivalent  concentrated 
loads  which  act  at  the  edges  of  each  of  the  assumed  fibres.  The  equivalent 
concentrated  loads  are  calculated  from  the  following  formulae. 


(a)  L  =  1  (top  fibre) 

R(L)  =  H5  [  7fc(L)  +  6fc(L+l)-£c(L+2)| 


(b)  L  =  M+l  (bottom  fibre) 


R(L)  =  Hm  {7£c(l>  f  6£c(L-1)  -  fc(L-2)] 


(c)  1  <  L  <  M+l 


R(L)  =  (lOfc(L)  +  £C(L+1)  +  £C(L-1)] 


where  R(L)  =  equivalent  concentrated  load  at  edge  L 
fc(L)  =  concrete  stress  at  edge  L  . 

The  internal  axial  load  is  computed  from 


P  =  ZR(L)  +  f gAg  +  fsA 


s  s 


The  internal  moment  is  computed  from 
L 

BM  =  ZR(L)  £  y(L)]  +  f^A^(y-d')  -  £sAs(t-y-d') 

4.5.3  Initial  Assumption  of  Strain  Distribution 

The  initial  assumption  of  strain  distribution  should  be  as  close 
as  possible  to  the  actual  strain  distribution  in  order  to  reduce  the  time 
required  for  convergence  of  the  analysis.  In  the  first  loading  stage,  the 
initial  choice  of  strain  distribution  is  computed  from  the  applied  load 
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and  moment  assuming  linear  elastic  behavior  of  the  concrete. 

For  the  first  computation  cycle  in  each  subsequent  loading  stage, 
the  initial  choice  of  strain  distribution  is  the  strain  distribution  exist¬ 
ing  after  the  preceeding  loading  stage. 

For  subsequent  computation  cycles  within  a  loading  stage,  the 
initial  choice  of  strain  distribution  is  that  existing  after  the  preceeding 
cycle . 

4.5.4  Incrementing  of  the  Strain  Distribution 

It  is  necessary  to  increment  the  strain  distribution  if  agreement 
is  not  obtained  between  the  calculated  internal  load  and  moment  and  the 
applied  load  and  moment.  However,  the  choice  of  the  increment  in  the 
strain  distribution  directly  influences  the  permissible  variation  in  load 
and  moment  and  thus  the  permissible  variation  in  curvature.  For  these 
reasons,  the  strain  distribution  increment  should  be  kept  as  small  as  possible. 

The  strain  distribution  was  incremented  in  this  thesis  by  apply¬ 
ing  strain  increments  at  the  external  faces  of  the  cross-section.  Using  a 
procedure  similar  to  that  described  in  SECTION  4.4.5,  the  strain  increment 
was  made  a  function  of  the  ratio  of  the  compressive  strain  existing  in  the 
most  highly  stressed  fibre  to  the  approximate  value  of  strain  which  would 
exist  when  the  stress -strain  curve  first  reaches  the  maximum  stress.  By 
applying  increments  in  this  manner,  the  load  and  moment  increments  which 
are  generated  are  kept  at  a  low  value  for  all  possible  strain  distributions. 
Using  the  notation  of  SECTION  4.4.5  and  redefining  ZZ  as 

€4(K) 


ZZ 
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for  ZZ  <  0.50 

DELE(K) 

Ae  =  4( 1-ZZ) 

for  0.50  <  ZZ  <  1.00 

Ae  =  DELE(K)  *  ZZ 
and  for  ZZ  ^  1.00 
Ae  =  DELE(K) 

4.5.5  Permissible  Variations  in  Load  and  Moment 

The  permissible  variations  in  load  and  moment  should  be  greater 
than  two  times  the  load  and  moment  increments  which  are  generated  by  in¬ 
crementing  the  strain  distribution.  If  this  is  not  done,  the  trial  and 
error  procedure  for  cross-section  analysis  will  not  converge.  The  computer 
analysis  does  not  require  that  the  permissible  variations  in  load  and  moment 
be  exactly  preset.  The  permissible  variations  may  be  preset  at  values  which 
are  too  small  to  permit  convergence  and  the  computer  will  increment  these, 
values  until  convergence  occurs. 

4.5.6  Failure  of  a  Cross-Section 

The  cross-section  fails  when  one  of  the  component  fibres  fails 
in  compression. 

4 . 6  Analysis  of  a  Member 

The  analysis  of  a  member  is  the  direct  application  of  the 
assumptions  of  SECTION  4.2.3  to  the  problem  of  determining  the  equilibrium 
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configuration  of  a  loaded  member  which  has  known  end  conditions. 

The  formulation  of  a  general  method  of  analysis  for  all  members 
is  prevented  by  differences  created  by  both  the  manner  of  loading  and  the 
end  conditions  of  members.  Three  types  of  members  are  considered  in  this 
section . 

1.  A  beam  subjected  to  a  uniform  load  having 

(a)  no  axial  load 

(b)  no  end  deflections 

(c)  symmetrical  end  restraints. 

2.  A  column  having 

(a)  no  uniform  load 

(b)  no  end  deflections 

(c)  symmetrical  end  restraints 

3.  A  column  fixed  at  one  end  and  restrained  at  the  other,  having: 

(a)  no  uniform  load 

(b)  no  end  deflections 

Flow  diagrams  depicting  the  analysis  of  all  three  types  of 
members  are  included  in  APPENDIX  A. 4.  The  computer  notation  is  defined  in 
APPENDIX  A.l. 

4.6.1  Analysis  of  the  Beam 

The  calculation  of  rotations  and  deflections  is  a  straight  for¬ 
ward  procedure  for  a  member  having  zero  axial  load  since  there  are  no 
second  order  deflections. 

The  beam  is  divided  into  a  number  of  cross-sections  as  shown  in 
FIGURE  4.3.  The  stresses  and  strains  at  each  cross-section  J  are  de¬ 
termined  by  the  method  of  SECTION  4.5. 
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FIGURE  4.3 

DIVISION  OF  A  MEMBER 


Numerical  integration  procedures  are  used  to  transform  the  dis¬ 
cretized  curvature  distribution  into  a  series  of  equivalent  concentrated 
angle  changes  which  are  applied  at  the  points  J.  These  equivalent  con¬ 
centrated  angle  changes  are  calculated  from  the  following  expressions 
as  used  by  Newmark  (^9)  . 

Let  0(J)  =  curvature  at  J 

RB(J)  =  equivalent  concentrated  angle  change  at  J 

1.  J=1 

RB(J)  =  M  (70 (j)  +  60 (J+l)  -  0 ( J+2)) 

24 

2.  J=N 

XB 

RB ( J)  =  24  (70 (J)  +  60 (J -1)  -  0(J-2)) 

3.  1  <  J  <  N 

XB 

RB ( J)  =  Y2  (1Q0(J)  +  0(J-1)  +  0 (J+l)) 


The  conjugate  beam  theory  is  used  to  calculate  deflections  and 
rotations  at  each  point  J  .  Under  the  action  of  the  equivalent  concen- 
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trated  angle  changes,  the  conjugate  beam  has  the  form  of  FIGURE  4.4. 
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FIGURE  4.4 

CONJUGATE  BEAM  FOR  BEAM  ANALYSIS 


The  rotations  at  the  ends  of  the  beam  are  equal  to  the  reactions 
of  the  conjugate  beam.  They  can  be  calculated  from  the  following  equations 
which  take  advantage  of  the  beam  symmetry. 


0B(J=1)  =  9(J=N) 


N 

E 

J=1 


RB  ( J) 

2 


Applying  the  end  rotations  as  reactions  on  the  conjugate  beam, 
the  deflection  at  any  point  is  computed  as  the  bending  moment  in  the  con¬ 
jugate  beam,  and  the  rotation  at  any  point  is  computed  as  the  shear  force 
in  the  conjugate  beam. 

4.6.2  Analysis  of  the  Column  Bent  in  Symmetrical  Single  Curvature 

The  moment  resisted  at  any  point  J  of  a  column  bent  in  sym¬ 
metrical  single  curvature  is  obtained  from  the  expression 

BM( J)  =  BM( J=l)  +  PY(J) 


where  BM(J)  =  moment  at  J 
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BM(J=1)  =  end  moment  in  the  column 


P  =  axial  load 


Y(J)  =  deflection  at  J 


Because  BM(J)  and  Y(J)  are  dependent  on  one  another,  the  analysis 
of  the  column  bent  in  single  curvature  is  a  trial  and  error  procedure. 


The  first  step  in  the  analysis  is  to  assume  a  shape  for  the 


deflected  column.  This  establishes  a  moment  diagram  for  the  column  and 
by  applying  the  beam  analysis  of  SECTION  4.6.1,  a  new  deflected  shape  is 
computed.  The  computed  deflected  shape  is  compared  to  the  assumed  deflect¬ 
ed  shape  and  if  they  do  not  agree,  the  computed  deflected  shape  becomes 
the  assumed  deflected  shape  and  the  procedure  is  repeated  until  the  two 
deflected  shapes  differ  at  any  point  J  by  less  than  a  prescribed  per¬ 
missible  variation  in  deflection.  If  the  column  is  unstable,  the  analysis 
diverges.  This  is  detected  in  the  computer  program  by  material  failure  in 
the  column. 

4.6.3  Analysis  of  the  Fixed  Ended  Column 

The  moment  resisted  at  any  point  J  of  the  fixed  ended  column 
is  obtained  from  the  expression 


BM(  J)  =  BM( J=l) 


+  P  *  Y(  J) 


where  BM(J)  =  moment  at  J 


BM(J=1)  =  end  moment  at  J  =  1 


BM(J=N)  ~  end  moment  at  J  =  N 
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X(J)  =  distance  along  column  from  J=1  to  J=J 
=  column  length 

P  =  axial  load 
Y(J)  =  deflecti  on  at  J 

The  end  moments  at  J=1  and  J=N  are  related  by  the  requirement 
that  the  rotation  and  deflection  at  J=N  are  zero  and  that  the  deflection 
at  J=1  is  also  equal  to  zero.  A  trial  and  error  procedure  is  used  to 
establish  this  relationship  and  the  remainder  of  the  analysis  is  similar 
to  that  for  the  single  curvature  column  although  the  conjugate  beam  has 
a  different  form. 

For  a  known  value  of  moment  at  J=l,  assumptions  are  made  of 
both  the  moment  at  J=N  and  the  deflected  shape.  A  moment  diagram  is 
established  from  these  assumptions.  Following  the  analysis  of  SECTION 
4.6.1  for  the  beam,  equivalent  concentrated  angle  changes,  RC(J)  ,  are 
calculated  and  applied  to  the  conjugate  beam  of  FIGURE  4.6.  The  fixed 
end  of  the  real  column  is  represented  in  the  conjugate  beam  by  a  free  end 
at  which  the  shear  and  moment  (rotation  and  deflection)  are  both  equal  to 
zero. 


RC(2)  RC (4) 

RC ( 1)  RC (2) 


fixed  end  of  real  column 

X 


f 

6(J=1)  X(4 ) 


LC 


FIGURE  4.5 

CONJUGATE  BEAM  FOR  THE  FIXED  ENDED  COLUMN 


:  ■'  .  .  .  '  •  ' '  *t  '  '• 


b  .  7  ■  .  '  i- 


.  ■  •  ...  ■  . Vv  Jf 


j  .  r  -j;' :  ;fv.  ■  •  v  ' 

iO  •-  -  .  ;  - 

.U,  r.o  J  itff*  .  **}'  ■  r  • 


c.A  3* 


52 


The  rotation  at  J=1  is  calculated  from 
N 

0(J=1)  =  ZRC(J) 

J=1 

The  deflection  at  J=N  is  calculated  from 

N 

Y (J=N)  =  9(J=1)LC  -  £  (Lc-X(J))RC(J) 

J=1 

This  deflection  should  be  equal  to  zero  or  in  other  words,  bending  moment 
in  the  conjugate  beam  at  J=N  should  be  zero. 

The  initial  trial  and  error  procedure  of  this  analysis  determines 
the  bending  moment  required  at  J=N  to  reduce  the  deflection  at  J=N  to 
approximately  zero.  The  bending  moment  at  J=N  is  first  assumed  and  the 
deflection  at  J=N  is  computed.  If  the  deflection  at  J=N  differs  from 
zero  by  greater  than  a  prescribed  allowable  variation,  the  bending  moment 
at  J=N  is  incremented  by  AMI  and  the  process  is  repeated  to  convergence. 

When  this  first  trial  and  error  procedure  has  been  satisfied, 
the  equilibrium  deflected  shape  is  determined  by  the  trial  and  error  pro¬ 
cedure  of  SECTION  4.6.2.  The  first  trial  and  error  procedure  must  always 
be  satisfied  before  computations  in  the  second  trial  and  error  procedure 
can  commence. 

To  decrease  the  time  required  for  solution,  the  two  trial  and 
error  procedures  were  partially  combined.  When  the  bending  moment  at  J=N 
is  incremented  and  the  first  trial  and  error  procedure  repeated,  the  assumed 
deflected  shape  became  the  deflected  shape  of  the  previous  trial  corrected 
to  give  zero  deflections  at  the  ends.  Instability  of  the  column  is  again 
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detected  when  non-convergence  of  the  analysis  leads  to  material  failure 
in  the  column. 

4.6.4  Permissible  Variation  in  Deflection,  AY  ,  and  the  Moment 
Increment,  AMI 

The  permissible  variation  in  deflection  AY  is  used  both  in 
the  comparison  of  two  successive  deflected  shape  trials  for  both  column 
types  and  as  a  limit  on  the  far  end  deflection,  Y(J=N),  of  the  fixed 
ended  column. 

In  its  capacity  as  an  allowable  variation  between  two  successive 
deflected  shapes,  the  increment  AY  is  of  minor  importance.  Because  of 
the  nature  of  the  analysis,  if  the  additional  moment  generated  by  the  in¬ 
crease  in  deflection  between  two  successive  deflected  shape  trials  is 
less  than  the  permissible  variation  in  moment  (SECTION  4.5.5),  then  the 
two  deflected  shape  trials  will  be  exactly  the  same.  The  permissible 
variation  in  moment  thus  has  a  greater  influence  on  column  equilibrium 
than  does  the  permissible  variation  in  deflection. 

In  its  capacity  as  a  limit  on  the  deflection  at  the  fixed  end 
of  the  column  in  SECTION  4.6.3,  the  permissible  variation  in  deflection 
is  of  prime  importance.  The  magnitude  of  AY  in  this  case  is  related 
to  the  magnitude  of  AMI  ,  the  moment  increment  applied  to  BM(J=N) . 

The  moment  increment  AMI  should  not  generate  a  deflection  increment  at 
J=N  greater  than  AY  .  If  this  occurs  the  analysis  will  not  converge. 

The  value  of  AM1(K)  was  calculated  in  this  thesis  as  a  function 
of  the  permissible  variation  in  column  moment,  the  permissible  variation 
in  deflection,  and  the  calculated  value  of  deflection  at  J=N.  Application 
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of  a  moment  increment  AM1(K)  ,  equal  in  magnitude  to  the  permissible 
variation  in  column  moment,  will  generate  a  change  in  Y(J=N)  equal  to 
some  multiple  of  the  permissible  variation  in  deflection.  By  comparing 
this  multiple  to  the  calculated  end  deflection  Y(J=N)  ,  a  moment  increment 
can  be  calculated  that  will  reduce  the  end  deflection  to  zero.  If  this 
procedure  is  not  sufficient  to  allow  convergence  after  a  preset  number  of 
tries,  the  computer  will  increment  the  permissible  variation  in  deflection 
until  convergence  occurs. 

4.6.5  Initial  Assumptions  of  Column  Deflected  Shape  and  Moment  at  the 

Fixed  End  of  Column 

The  time  required  to  converge  the  column  trial  and  error  procedures 
is  reduced  if  the  initial  assumption  of  column  deflected  shape  is  as  close 
as  possible  to  the  equilibrium  deflected  shape.  The  deflections  are  in¬ 
itially  assumed  to  be  zero  in  the  trial  and  error  procedures  of  the  first 
loading  stage.  In  subsequent  loading  stages,  the  initial  assumption  of 
deflected  shape  is  the  deflected  shape  of  the  preceeding  loading  stage. 

The  initial  assumption  of  bending  moment  at  the  fixed  end  of 
the  column  for  the  first  loading  stage  was  chosen  as  -0.50  times  the  moment 
at  the  restrained  end.  For  subsequent  loading  stages,  the  initial  choice 
of  moment  at  the  fixed  end  was  the  moment  existing  at  the  end  of  the  pre¬ 
ceeding  loading  stage. 

4 . 7  Analysis  of  a  Framework 

The  analysis  of  a  framework  is  the  direct  application  of  the 
assumptions  of  SECTION  4.2.4  to  the  problem  of  obtaining  the  equilibrium 
configuration  of  a  framework  under  load.  The  framework  is  made  up  of 
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a  number  of  members  which  have  been  analysed  separately  and  which  must  now 
be  joined  together.  The  final  analysis  must  define  the  structure  such  that 
the  loads  are  in  equilibrium  and  the  deformations  are  compatible  in  all 
the  members  at  all  the  joints. 

Flow  diagrams  depicting  the  analysis  of  the  model  frameworks 
considered  in  CHAPTERS  VII  and  VIII  are  included  in  APPENDIX  A. 5.  The 
computer  terminology  is  defined  in  APPENDIX  A.l.  The  discussion  of  this 
chapter  pertains  to  frameworks  in  general  of  which  the  frameworks  of  the 
flow  diagrams  are  an  example. 

4.7.1  Establishment  of  Equilibrium  and  Compatibility  at  a  Joint 

The  equilibrium  at  a  joint  in  a  framework  is  established  by 
trial  and  error.  The  end  moment  of  a  beam  at  the  joint  is  first  assumed 
and  the  corresponding  end  rotation  of  the  beam  is  calculated  by  the  methods 
of  SECTION  4.6.  If  a  second  beam  is  present  at  the  joint,  its  end  moment 
is  incremented  by  AM2(K)  until  its  end  rotation  and  the  end  rotation  of 
the  first  beam  differ  by  less  than  a  prescribed  permissible  variation  in 
end  rotation.  The  undistributed  moment  at  the  joint  can  now  be  computed 
and  divided  among  the  columns.  This  division  of  moment  to  the  columns  con¬ 
stitutes  another  trial  and  error  procedure  which  is  culminated  when  the 
column  end  rotations  differ  from  each  other  by  less  than  the  permissible 
variation  in  end  rotation.  The  column  end  rotations  are  now  compared  to 
the  beam  end  rotations.  If  all  rotations  are  not  within  the  permissible 
variation  in  rotation,  the  end  moment  of  the  first  beam  is  incremented  by 
AM2  and  the  process  is  repeated  to  convergence. 
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4.7.2  The  Permissible  Variation  in  Rotation 

The  permissible  variation  in  rotation  was  preset  at  values  which 
would  give  negligible  errors  in  the  attainment  of  joint  equilibrium.  If 
the  choice  of  variation  proved  to  be  too  small  and  the  analysis  would  not 
converge,  the  computer  program  would  increment  the  variation  until  con¬ 
vergence  occurred. 

4.7.3  The  Moment  Increment  AM2(K) 

The  moment  increment,  AM2(K),  in  this  thesis  varied  with  the 
degree  of  incompatibility  at  the  joint  and  was  calculated  as  a  function 
of  the  permissible  variation  in  beam  moment  and  the  calculated  discrepancy 
in  rotation.  Application  of  a  moment  increment,  AM2(K)  ,  which  was  equal 
to  the  permissible  variation  in  beam  moment,  to  the  members  at  the  joint 
will  generate  a  change  in  the  joint  rotation.  This  change  in  joint  rotation 
is  then  divided  into  the  calculated  discrepancy  in  rotation  at  the  joint 
and  the  ratio  formed  by  this  division  is  multiplied  by  the  permissible 
variation  in  beam  moment  to  obtain  the  moment  increment  AM2(K)  . 

4.7.4  Initial  Assumption  of  Beam  End  Moment 

The  beam  end  moments  in  the  first  loading  stage  can  be  initially 
predicted  by  linearly  elastic  moment  distribution. 

The  beam  end  moments  for  subsequent  loading  stages  are  initially 
assumed  equal  to  the  values  existing  at  the  end  of  the  preceeding  loading 
stages . 

4.7.5  Frame  Failure 

A  frame  may  fail  either  through  material  failure  or  instability. 
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Both  forms  of  failure  are  detected  in  the  analysis  when  the  instantaneous 
component  of  total  strain  exceeds  eu  . 

If  material  failure  is  detected  during  the  course  of  analysis 
of  a  frame  or  a  member,  section  or  fibre  within  the  frame,  the  frame 
does  not  instantly  fail.  The  computer  will  attempt  to  prevent  failure 
by  redistributing  moments  in  the  frame  before  declaring  a  frame  to  have 
failed.  The  form  of  redistribution  is  a  reduction  in  joint  moment  in  the 
case  of  material  failure  in  the  column  and  an  increase  in  joint  moment  in 
the  case  of  material  failure  in  the  beam.  If  redistribution  of  this  form 
prevents  an  equilibrium  configuration  from  being  attained,  the  frame  has 
failed.  The  computer  program  will  increment  the  column  load  in  the  loading 
stage  in  which  failure  occurs  to  a  value  which  is  just  below  the  failure 
load.  The  information  on  the  behavior  near  failure  was  obtained  with  this 
procedure . 

The  flow  diagrams  of  APPENDIX  A. 5  depict  the  analysis  applied 
to  the  investigation  in  this  thesis.  As  it  is  the  purpose  of  this  thesis 
to  study  the  behavior  of  columns  in  frameworks,  the  redistribution  of 
moment  was  stopped  before  failure  occurred  in  the  beam.  For  the  actual 
members  being  analysed,  a  convenient  stopping  point  was  when  the  unbalanced 
moment  at  the  joint  reached  a  value  of  zero  because  at  this  point  column 
failure  was  imminent.  For  a  general  evaluation  of  framework  behavior, 
this  specific  procedure  would  not  be  incorporated. 

4 . 8  Cone lus ion 

The  description  of  the  analysis  of  frameworks  in  SECTION  4.7  is 
general  and  does  not  apply  to  any  specific  framework.  For  a  specific 
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application, such  as  presented  in  CHAPTER  VII  of  this  thesis, the  analysis 
must  be  modified  to  satisfy  the  specific  boundary  conditions. 

The  extent  of  application  of  the  analysis  is  limited  by  computer 
capacity,  the  time  required  by  the  computer  for  analysis,  and  possibly 
by  the  accuracy  of  the  analysis.  The  accuracy  of  the  analysis  is  discussed 
in  CHAPTER  V. 
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CHAPTER  V 


ERRORS  OF  THE  ANALYSIS 


5 . 1  Introduction 

Errors  in  the  analysis  could  result  from  three  sources: 

1.  The  material  property  assumptions. 

2.  The  necessity  of  dividing  the  structure  into  discrete  elements 
and  the  duration  of  loading  into  discrete  time  increments  for 
the  purposes  of  numerical  integration. 

3.  The  permissible  variations  in  the  convergence  of  the  trial  and 
error  procedures . 

The  first  possible  source  of  errors  will  not  be  discussed  because 
the  exact  material  behavior  is  unknown.  However,  it  should  be  noted  that 
the  analysis  can  be  applied  for  material  properties  other  than  those 
assumed  in  CHAPTER  III. 

The  second  possible  source  of  errors  is  discussed  by  comparing 
the  results  obtained  by  varying  the  number  of  fibres,  panels,  and  time 
increments  for  both  a  beam  and  a  column. 

The  third  possible  source  of  errors  can  only  be  discussed 
qualitatively  as  the  exact  structural  behavior  is  unknown. 

The  analysis  will  be  compared  to  test  results  in  CHAPTER  VI. 

5 . 2  Errors  Resulting  from  Discreteness  in  the  Analysis 

Cross-sections,  members,  and  duration  of  sustained  load  have 
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been  divided  into  discrete  divisions,  and  numerical  integration  procedures 
have  been  used  in  the  analysis.  The  accuracy  of  the  numerical  integration 
is  dependent  on  the  number  of  discrete  divisions  considered. 

Discreteness  was  investigated  by  comparing  the  changes  in  the 
predicted  behavior  which  resulted  from  varying  the  numbers  of  panels, 
fibres,  and  creep  stages  for  both  a  beam  and  a  column.  The  beam  and 
column  variables  were  chosen  so  as  to  investigate  the  effect  of  discrete¬ 
ness  within  the  approximate  range  of  application  in  the  original  investigation. 

The  beam  was  simply  supported,  twenty  feet  in  length,  and  carried 
a  uniform  sustained  load  of  three  kips  per  foot.  The  cross-section  and 
material  properties  were  the  same  as  for  the  beams  described  in  CHAPTER 
VII.  The  behavior  properties  calculated  and  used  for  comparison  were  the 
mid-span  deflection,  the  end  rotation,  the  steel  stress  at  mid-span,  and 
the  maximum  concrete  stress  at  mid-span;  all  existing  after  a  hypothetical 
duration  of  sustained  load  of  25  years. 

The  column  was  simply  supported,  twenty  feet  in  length,  twelve 
inches  square,  and  carried  a  sustained  load  of  225  kips  acting  through 
equal  end  eccentricities  of  0.75  inches  (e/t  =  0.0625).  The  cross-section 
and  material  properties  were  the  same  as  for  the  columns  of  CHAPTER  VII. 

The  behavior  properties  calculated  and  used  for  comparison  were  the  centre¬ 
line  deflection,  the  end  rotation,  the  tensile  steel  stress  at  the  centre¬ 
line,  the  maximum  concrete  stress  at  the  centre-line,  and  the  maximum 
moment;  all  existing  after  a  duration  of  sustained  load  of  25  years. 

5.2.1  Comparison  of  the  Effects  of  Discreteness 

The  magnitudes  of  the  quantities  calculated  for  comparison  are 
shown  in  TABLES  B.l  and  B. 2  of  APPENDIX  B  for  the  beam  and  column  respective- 
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ly.  The  calculations  were  made  considering  all  combinations  of  5,  10, 
or  15  fibres;  6,  10,  or  20  panels;  and  1,  3,  5,  or  7  creep  stages  in  the 
beam  and  1,  2,  3,  5,  or  7  creep  stages  in  the  column. 

The  results  in  TABLES  B. 1  and  B.2  have  been  reduced  to  the 
graphs  of  FIGURES  5.1  and  5.2.  These  graphs  show  a  percentage  comparison 
for  each  type  of  discreteness.  In  plotting  the  graphs,  it  was  assumed 
that  the  results  based  on  the  largest  number  of  increments  most  nearly 
approached  the  truth.  Accordingly,  the  values  obtained  by  considering 
15  fibres,  20  panels,  or  7  creep  stages  were  taken  as  the  correct  values. 
The  trends  existing  in  FIGURES  5.1  and  5.2  were  somewhat  influenced  by 
errors  resulting  from  the  permissible  variations  of  closure  in  the  trial 
and  error  procedures.  This  source  of  errors  is  discussed  in  the  follow¬ 
ing  section. 

For  the  range  of  discreteness  considered,  the  effect  on  the  beam 
results  of  the  number  of  fibres  and  the  number  of  panels  was  negligible. 
The  maximum  percent  variation  produced  in  either  case  was  less  than  two 
percent.  The  maximum  percent  variation  produced  by  considering  a  varying 
number  of  creep  stages  was  five  percent.  There  were  no  significant  trends 
in  the  accuracy  of  the  beam  results  as  the  number  of  fibres,  panels,  and 
time  increments  was  varied.  This  indicates  that  the  errors  are  at  least 
partly  due  to  errors  produced  by  the  permissible  variations  of  convergence 
of  the  trial  and  error  procedures. 

For  the  range  of  discreteness  considered,  the  effect  on  the 
column  results  of  the  number  of  fibres  and  the  number  of  panels  was  also 
negligible.  The  maximum  variation  produced  in  either  case  was  less  than 
one-half  percent.  However,  a  definite  trend  was  exhibited  by  the  column 
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(a)  Effect  of  Number  of  Fibres 


-  End  Rotation 

-  Steel  Stress  at  Centre-Line 

- -  Maximum  Concrete  Stress 

FIGURE  5. 1 

EFFECT  OF  ANALYSIS  DISCRETENESS  ON  BEAM  RESULTS 
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EFFECT  OF  ANALYSIS  DISCRETENESS  ON  COLUMN  RESULTS 
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results  when  the  number  of  creep  stages  was  varied.  This  behavior 
shows  the  importance  of  considering  the  changing  stresses  in  the  con¬ 
crete  and  steel  as  the  time  passes  when  computing  the  behavior  for  long 
periods  of  loading.  The  large  variations  in  results  using  only  one  creep 
stage  would  be  similar  to  the  variations  which  would  be  produced  using 
a  reduced  modulus  approach  with  the  reduced  modulus  based  on  ultimate 
creep.  However,  for  small  durations  of  loading,  Green  has  shown 

that  an  effective  modulus  based  on  the  actual  creep  function  will  give  a 
good  prediction  of  behavior. 

5.2.2  Conclusions  Regarding  Discreteness 

The  conclusions  on  the  effect  of  discreteness  are  valid  only 
for  the  small  range  of  investigation  considered.  However,  there  is  no 
indication  that  trends  will  be  more  or  less  significant  for  other  beams 
and  columns.  Therefore,  the  conclusions  were  assumed  to  apply  to  all 
investigation  in  this  thesis. 

The  choice  of  the  number  of  panels  or  the  number  of  fibres 
appeared  to  have  little  effect  on  the  results  for  either  the  beam  or 
column,  located  near  the  two  extremes  of  the  cross-section  interaction 
diagram.  However,  the  use  of  ten  fibres  and  ten  panels  was  instituted 
in  this  thesis  in  order  to  have  a  margin  of  safety  in  calculations . 

The  number  of  creep  stages  to  be  used  in  the  calculation  of 
behavior  after  long  durations  of  loading  was  set  at  three  for  the  following 
reasons : 

1.  The  maximum  variations  in  the  investigation  were  less  than 


five  percent . 
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2.  The  variations  in  the  end  rotations  of  both  the  beam  and  the 
column  were  both  approximately  five  percent  on  the  high  side. 

Since  the  error  is  similar  for  both  members,  the  error  in  the 
calculation  of  the  equilibrium  joint  moment  in  a  frame  should 
be  negligible. 

3.  If  the  number  of  creep  stages  is  limited  to  three,  sufficient 
computer  capacity  is  still  available  for  investigation  of  the 
effect  of  quick  load  following  the  sustained  load. 

5 . 3  Errors  Resulting  from  Permissible  Variations  in  the  Trial  and  Error 

Procedures 

Accidental  or  round-off  errors  are  the  result  of  allowing  the 
trial  and  error  procedures  to  converge  within  a  permissible  range  of 
variation.  These  errors  may  be  positive  or  negative  and  their  overall 
effect  for  a  large  number  of  calculations  should  not  be  significant.  The 
magnitudes  of  the  errors  were  controlled  in  the  analysis  by  using  small 
increments  and  then  letting  the  computer  establish  the  permissible  vari¬ 
ation  of  closure  at  a  value  just  large  enough  to  prevent  continuous  looping 
in  the  analysis. 

5 . 4  Cone lus ion 

The  sources  of  errors  are  difficult  to  discuss  quantitatively 
since  absolutely  correct  answers  do  not  exist  because  of  the  non -homogeneous 
nature  of  concrete.  However,  the  correlation  with  test  results  in  the 
following  chapter  suggests  that  these  errors  are  within  satisfactory  limits. 
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CHAPTER  VI 


APPLICATION  OF  THE  ANALYSIS  TO  EXISTING  TESTS 

6 . 1  Introduction 

Experimental  and  analytical  results  are  compared  in  this  chapter 
in  an  attempt  to  verify  the  applicability  of  the  method  of  analysis  de¬ 
scribed  in  CHAPTER  IV.  The  experimental  investigations  include  those  by 

1.  Washa  and  Fluck  on  the  sustained  loading  of  reinforced 

concrete  beams  containing  various  amounts  of  compressive  rein¬ 
forcement  , 

2.  Martin  and  Olivieri  (^3)  on  t^e  short-time  loading  of  reinforced 
concrete  columns  bent  in  double  curvature, 

3.  Furlong  on  the  short-time  loading  of  rectangular  rein¬ 

forced  concrete  frames  containing  columns  bent  in  symmetrical 
single  curvature, 

4.  Furlong  and  Ferguson  ( on  the  sustained  loading  of  a  rein¬ 
forced  concrete  rectangular  frame  with  subsequent  quick  loading 
to  failure  after  a  duration  of  sustained  load  of  100  days, 

5.  Green  (16)  Qn  the  sustained  loading  of  eccentrically  loaded 
reinforced  concrete  columns. 

Deformation  characteristics  have  been  used  as  the  basis  of  com¬ 
parison  in  this  chapter  as  it  is  these  characteristics  which  influence  the 

redistribution  of  load  in  a  frame. 

For  the  sustained  load  investigations  in  this  chapter,  the  creep 
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and  shrinkage  properties  of  concrete  outlined  in  CHAPTER  III  have  been 
modified  where  necessary  to  apply  to  the  specific  conditions  of  each  test. 
This  was  not  done  for  the  Washa  and  Fluck  investigation  because  of  the 
similarity  in  conditions  between  their  tests  and  those  assumed  in  SECTION 
3.3.1. 

The  remaining  sections  of  this  chapter  present  individual  com¬ 
parisons  of  the  test  results  and  analytical  results  of  each  investigation. 
The  final  section  in  this  chapter  discusses  the  effectiveness  of  the  method 
of  analysis  in  predicting  the  behavior. 

6 . 2  Beam  Tests  Under  Sustained  Load  -  Washa  and  Fluck 

Washa  and  Fluck  have  investigated  the  effect  of  compressive 

reinforcement  on  the  plastic  flow  of  reinforced  concrete  beams.  Their  test 
series  comprised  34  specimens  subjected  to  a  sustained  uniform  load  of 
2  1/2  years  duration.  Thirty  of  the  specimens  were  used  to  investigate 
various  combinations  of  beam  sizes  and  amounts  of  compressive  reinforcement. 
The  remaining  four  specimens  contained  either  air  entraining  cement  or  ex¬ 
panded  slag  aggregate  and  are  outside  the  scope  of  the  analysis. 

The  30  specimens  consisted  of  15  pairs  of  beams;  each  pair  re¬ 
presenting  one  combination  of  the  five  beam  sizes  and  the  three  conditions 
of  compressive  reinforcement  investigated.  The  details  of  the  beams  are 
summarized  in  TABLE  6.1. 

The  beams  were  all  tested  in  a  simply  supported  condition. 

The  deformation  characteristics  used  for  comparison  were: 

1.  Centre-line  deflections  under  short-time  loading  and  after 
various  durations  of  sustained  load  up  to  2  1/2  years. 


•  i  >no  •  '  T  '  •  ■  **'■  '  ' 

c'.  i  :  >r  W  >  o3  •  ob  Jon  a  7 


i  x  i  c  I  .  -,  j  -ihasiJ  m  s.M3  9d  snc 

i  . 

' 


I  '::rr:  •  ■  ?.  rJt 


68 


TABLE  6.1 

DETAILS  OF  THE  BEAMS  TESTED  BY  WAS HA 
AND  FLUCK  UNDER  SUSTAINED  LOADS 


Beam 

Width 

bB 

(in) 

Depth 

tB 

(in) 

Span 

lB 

(ft) 

f ' 

^ca 

(ksi) 

£y 

(ksi) 

dj_ 

tB 

Unif  . 

load 

#/ft 

Reinforcing 

As 

(in2) 

A<! 

(in2) 

A1-A4 

8.0 

12.0 

20 

3.63 

50.9 

0.156 

378 

1.32 

1.32 

A2-A5 

8.0 

12.0 

20 

3.63 

50.9 

0.156 

378 

1.32 

0.62 

A3-A6 

8.0 

12.0 

20 

3.63 

50.9 

0.156 

37  8 

1.32 

0 

B1-B4 

6.0 

8.0 

20 

3.00 

47.0 

0.227 

107 

0.62 

0.62 

B2-B5 

6.0 

8.0 

20 

3.00 

47  .0 

0.227 

107 

0.62 

0.31 

B3-B6 

6.0 

8.0 

20 

3.00 

47.0 

0.227 

107 

0.62 

0 

C1-C4 

12.0 

5.0 

20.8 

2.94 

51.0 

0.200 

82 

0.80 

0.80 

C2-C5 

12.0 

5.0 

20.8 

2.94 

51.0 

0.200 

82 

0.80 

0.40 

C3-C6 

12.0 

5.0 

20.8 

2.94 

51.0 

0.200 

82 

0.80 

0 

D1-D4 

12.0 

5.0 

12.5 

2.92 

51.0 

0.200 

229 

0.80 

0.80 

D2-D5 

12.0 

5.0 

12.5 

2.92 

51.0 

0.200 

229 

0.80 

0.40 

D3-D6 

12.0 

5.0 

12.5 

3.22 

51.0 

0.200 

229 

0.80 

0 

E1-E4 

12.0 

3.0 

17.5 

2.99 

56.2 

0.229 

38 

0.44 

0.44 

E2-E5 

12.0 

3.0 

17.5 

2.99 

56.2 

0.229 

38 

0.44 

0.22 

E3-E6 

12.0 

3.0 

17.5 

2.99 

56.2 

0.229 

38 

0.44 

0 
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2.  Centre-line  strains  at  the  level  of  the  compressive  steel 

under  short-time  loading  and  after  various  durations  of  load¬ 
ing  up  to  2  1/2  years. 

6.2.1  Comparison  of  the  Results  of  Washa  and  Fluck's  Beam  Tests  with  the 

Results  of  the  Analysis 

FIGURE  6.1  shows  the  actual  and  the  computed  centre-line  de¬ 
flections  for  the  Washa  and  Fluck  beams  and  FIGURE  6.2  shows  the  actual 
and  the  computed  centre-line  strains  at  the  compressive  steel  level.  In 
these  figures,  the  observed  deformations  have  been  connected  by  continuous 
solid  curves.  The  calculated  deformations  have  been  connected  by  straight 
dashed  lines  because  time  was  not  a  continuous  variable  in  the  analysis. 

The  calculated  deformations  apply  for  short-time  loading  and  after  durations 
of  sustained  loading  of  seven  days,  nine  months,  and  25  years. 

Errors  may  have  occurred  in  transferring  the  observed  data  from 
the  published  curves  to  FIGURES  6.1  and  6.2.  The  published  curves  used 
an  arithmetic  time  scale  and  were  considerably  smaller  in  size  than  the 
two  figures  in  this  chapter. 

In  general,  a  good  correlation  was  obtained  with  all  tests  except 
those  of  E  series  where  the  computed  quantities  tended  to  be  low.  The 
beams  of  this  series  had  a  three  inch  overall  depth  and  a  very  large  length 
to  depth  ratio  compared  to  the  beams  of  the  other  series.  Because  of  the 
higher  sensitivity  in  the  beams  of  E  series,  an  exact  measurement  of  the 
parameters  is  needed  before  a  good  correlation  with  the  analysis  can  be 


obtained . 
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ANALYSIS  APPLIED  TO  THE  WASHA  AND  FLUCK  BEAM  TESTS: 
PART  2  -  STRAINS  AT  THE  COMPRESSIVE  STEEL  LEVEL 
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1 .  Centre-Line  Deflections 

The  calculated  deflections  under  short-time  loading  were  all  in 
the  range  of  ten  to  twenty  per  cent  less  than  the  measured  values.  The 
reason  for  this  trend  could  have  been  the  presence  of  some  sustained  load 
effect  in  the  measured  values  or  could  lie  in  the  assumption  of  perfect 
bond  between  concrete  and  steel. 

The  calculated  deflections  after  a  duration  of  loading  of  seven 
days  were  all  in  the  range  of  zero  to  ten  per  cent  greater  than  the  measured 
va lues  . 

After  nine  months  duration  of  loading  the  calculated  deflections 
exhibited  no  definite  trend  when  compared  to  the  observed  deflections. 

With  the  exception  of  the  beams  of  E  series,  the  difference  between  the 
measured  and  the  calculated  values  was  less  than  fifteen  per  cent. 

The  calculated  deflections  after  2  1/2  years  duration  of  loading 
also  exhibited  no  definite  trend  when  compared  to  the  observed  values. 

With  the  exception  of  the  beams  of  E  series,  the  difference  between  the 
measured  and  the  calculated  values  was  less  than  twenty  per  cent.  The  calcu¬ 
lated  values  in  this  case  were  extrapolated  from  the  results  after  nine 
months  duration  of  loading  and  the  results  after  25  years  duration  of  load¬ 
ing.  The  extrapolation  was  along  the  straight  line  connecting  the  two 
points  in  the  figures. 

2 .  Strains  at  the  Compressive  Steel  Level  at  Mid-Span 

The  trends  which  existed  for  the  deflection  comparison  also  ex¬ 
isted  for  the  compressive  strains  with  the  exception  that  the  calculated 
compressive  strains  tended  to  be  on  the  low  side  after  nine  months  duration 
of  loading.  The  comparison  for  the  beams  in  the  E  series  was  not  good. 
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6 . 3  Short-Time  Tests  of  Slender  Hinged  Columns  -  Martin  and  Olivieri 

Martin  and  Olivieri  ^3)  have  investigated  the  short-time  load 
behavior  of  slender  reinforced  concrete  columns  bent  in  double  curvature. 
Their  test  series  comprised  eight  reinforced  concrete  columns  with  a 
geometric  slenderness  ratio  of  forty.  Two  of  the  columns  were  concentrically 
loaded  and  the  remaining  six  columns  were  loaded  through  an  eccentricity 
ratio  of  e^/&2  =  ~  1/2.  Loads  were  applied  in  successive  stages  to  failure. 
The  comparison  in  this  chapter  considers  only  the  eccentrically  loaded 
columns.  The  details  of  these  columns  are  summarized  in  TABLE  6.2. 

The  deformation  characteristics  used  for  comparison  were  the 
deflected  shapes  of  the  columns  at  various  levels  of  load. 

6.3.1  Comparison  of  the  Results  of  Martin  and  Olivieri's  Column  Tests 

with  the  Results  of  the  Analysis 

FIGURES  6.3  (a  to  f)  show  the  comparison  between  the  measured 
and  computed  deflected  shapes  of  the  Martin  and  Olivieri  Test  Columns. 

The  observed  deflections  along  the  column  length  have  been  connected  by 
solid  lines  and  the  deflections  of  the  analysis  have  been  connected  by 
dashed  lines.  The  comparison  has  been  made  at  only  a  few  levels  of  load 
for  each  column  as  this  was  deemed  sufficient  to  indicate  trends. 

The  correlation  between  the  measured  and  the  computed  deflected 
shapes  was  good  for  columns  412-1  and  422-2.  For  the  remaining  four  columns 
of  the  investigation,  the  correlation  was  not  good.  A  comparison  of  the 
results,  however,  seems  to  indicate  that  perhaps  the  actual  eccentricity 
in  the  tests  did  not  correspond  with  the  desired  eccentricity.  Columns 
412-2  and  432-1  show  observed  deflected  shapes  which  are  larger  than  the 
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(b)  Column  412-2 


Deflection  Stations 
(c)  Column  422-1 
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FIGURE  6.3 

ANALYSIS  APPLIED  TO  COLUMN  TESTS  OF  MARTIN  AND  OLIVIERI 
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calculated  deflected  shapes.  There  appears  to  be  a  greater  amount  of 
double  curvature  in  the  computed  deflected  shapes  than  in  the  observed 
deflected  shapes  at  each  level  of  load.  This  would  indicate  that  the 
ratio  of  observed  end  eccentricities  was  greater  (more  positive)  than  the 
reported  value  of  -  1/2.  Columns  422-1  and  432-2  exhibit  the  opposite 
behavior.  These  cases  show  that  computed  deflected  shapes  are  larger  and 
exhibit  less  double  curvature  than  the  corresponding  observed  deflected 
shapes  at  each  level  of  load.  This  would  indicate  that  the  ratio  of  ob¬ 
served  eccentricities  was  less  (negatively)  than  the  reported  value  of 
-  1/2.  The  slender  columns  of  the  investigation  are  quite  sensitive  to 
load  and  a  slight  change  in  end  eccentricity  could  result  in  a  large 
change  in  deflection. 

6 . 4  Short-Time  Tests  of  Columns  in  Frames -Fur long 

Furlong  (1^)  has  investigated  the  behavior  under  short-time  load¬ 
ing  of  rectangular  reinforced  concrete  frames  containing  columns  bent  in 
symmetrical  single  curvature.  The  test  series  consisted  of  six  frames  in 
which  three  nominal  values  of  e/t  were  considered  by  varying  the  column 
stiffness,  the  beam  stiffness,  and  the  manner  of  loading.  Frames  1  and 
5  were  not  included  in  this  comparison  because  in  Frame  1,  the  columns 
were  not  identical,  and  in  Frame  5,  trouble  developed  with  the  loading 
apparatus  midway  through  the  test.  Details  of  Frames  2R,  3R,  4,  and  6 
are  included  in  TABLE  6.3, 

The  frames  were  loaded  by  applying  axial  loads  to  the  columns, 
and  two,  point  loads  to  the  beams.  These  beam  loads  were  applied  at  a 
distance  "X"  on  each  side  of  the  beam  mid-span.  The  parameter  "X"  is 
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also  included  in  TABLE  6.3. 

6.4.1  Comparison  of  the  Results  of  Furlong's  Frame  Tests  with  the 
Results  of  the  Analysis 

FIGURES  6.4  to  6.7  show  the  comparisons  between  the  measured  and 
computed  column  deformation  characteristics.  Part  (a)  of  each  figure  shows 
load  -  rotat ion  curves  and  part  (b)  of  each  figure  shows  load-deflection 
curves.  No  differentiation,  other  than  symbolic,  has  been  made  as  to  the 
location  of  the  observed  readings.  Load-deformation  curves  computed  at 
the  University  of  Texas  have  also  been  included  in  the  figures. 

The  correlat ion  was  good  in  all  cases  between  the  analytical  and 
the  observed  results.  The  analysis  of  this  thesis  appears  to  give  better 
results  than  does  the  analysis  developed  at  the  University  of  Texas.  The 
reason  for  this  can  be  attributed  to  the  differences  in  the  assumptions 
of  the  instantaneous  str es s -stra in  properties  of  concrete.  The  analysis 
of  the  University  of  Texas  uses  a  value  of  of  1.00  and  credits  the 

concrete  with  no  tensile  strength,  while  the  analysis  of  this  thesis  was 
applied  using  a  k-j  value  of  0.85  and  crediting  the  concrete  with  a  tensile 
resistance.  The  total  range  of  concrete  resistance  is  approximately  the 
same  in  both  cases.  However,  for  the  frameworks  of  Furlong's  investigation, 
the  loading  produced  larger  tensile  forces  in  the  beams  than  in  the  columns. 
Consequently,  by  using  the  Texas  analysis,  the  relative  stiffnesses  of  the 
beams  were  underestimated  and  the  predicted  column  moments  and  deformations 
were  larger  than  did  actually  occur.  Another  point  of  difference  between 
the  two  methods  of  analysis  is  that  the  Texas  analysis  considers  concrete 
to  be  a  non-linear  elastic  material  and  the  analysis  of  this  thesis  does 
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not.  This  difference  apparently  had  little  effect  because  the  unloading 
of  sections  was  not  significant  until  the  failure  load  was  approached. 

6 . 5  Sustained  Load  Test  of  Columns  in  a  Framework  -  Furlong  and  Ferguson 

Furlong  and  Ferguson  ^  have  reported  on  the  testing  of  a 
rectangular,  reinforced  concrete,  closed  frame  under  a  sustained  load  of 
100  days  duration.  The  frame  was  quick  loaded  to  failure  following  the 
sustained  load.  This  test  was  conducted  as  a  continuation  of  the  original 

(13) 

test  series  by  Furlong  ,  and  the  details*  of  the  specimen  are  included 

as  Frame  7  in  TABLE  6.3. 

The  creep  strains  in  FIGURE  3.6  have  been  modified  through  division 
by  1.30  to  account  for  the  fact  that  the  frame  was  cured  under  more  favorable 
conditions  than  assumed  in  SECTION  3.3.1.  This  modification  reduces  the 
creep  data  to  approximately  the  values  originally  derived  by  Rlisch.  The 
creep  coefficients  for  the  equations  of  the  analysis  were  determined  from 
the  approximate  equations  of  SECTION  3.3.8.  These  equations  were  also 
modified  through  division  by  1.30. 

The  variable  k3  ,  which  reflects  the  similarity  in  strength 
between  the  specimen  and  the  companion  cylinders,  was  assigned  a  value 
of  1.00  in  the  analysis.  A  previous  analysis  with  k3  =  0.85  did  not  pro¬ 
duce  as  good  a  correlation  with  results. 

6.5.1  Comparison  of  the  Results  of  Furlong  and  Ferguson  * s  Sustained 
Load  Frame  Test  with  the  Results  of  the  Analysis 

The  results  of  Furlong  and  Ferguson's  sustained  load  frame  test 

^Details  and  test  results  were  supplied  through  private  communication 
with  R.W.  Furlong,  Associate  Professor  of  Civil  Engineering,  University 
of  Texas . 
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are  compared  to  the  analytical  results  in  FIGURE  6.8.  The  column  load 
has  been  plotted  against  the  centre-line  deflections  for  both  the  beams 
and  the  columns.  In  this  form,  the  deflection  curves  under  sustained 
load  show  up  as  horizontal  lines  at  the  level  of  sustained  load.  The 
durations  of  loading  considered  were  44  hours,  285  hours,  and  100  days, 
and  the  analysis  and  experimental  results  corresponding  to  these  times 
are  shown  in  FIGURE  6.8. 

The  analytical  deflections  were  higher  than  the  observed  de¬ 
flections  under  the  initial  short-time  loading.  However,  under  the  short- 
time  load  which  was  sustained,  the  error  was  not  appreciable,  particularly 
for  the  east  column  and  the  south  beam. 

Under  sustained  load,  a  good  correlation  existed  between  the 
analysis  and  the  observed  deflections  for  the  east  column.  The  deflections 
for  the  west  column  were  lower  than  those  predicted  by  the  analysis.  For 
the  beams,  the  correlation  was  relatively  good  for  all  durations  of  loading 
considered.  The  computed  deflection  corresponds  approximately  to  the  ob¬ 
served  deflection  for  the  south  beam  after  100  days  under  sustained  load. 

For  the  application  of  quick  load  following  the  sustained  load, 
deflections  predicted  by  the  analysis  were  higher  than  the  observed  de¬ 
flections.  However,  the  correlation  was  reasonably  good  for  the  west 
column  and  the  north  beam,  and  very  good  for  the  east  column  and  the  south 
beam . 

The  curves  showing  analytical  behavior  were  terminated  at  70 
kips  because  the  computer  would  not  calculate  deflections  at  the  failure 
load  of  approximately  73  kips.  The  observed  failure  load  was  78.5  kips. 
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6 . 6  Sustained  Load  Tests  of  Hinged  Columns  -  Green 

Green  (^6)  has  reported  on  the  sustained  load  testing  of  ten 
reinforced  concrete  columns  with  hinged  ends.  The  properties  of  these 
column  specimens  are  contained  in  TABLE  6.4. 

The  columns  were  moist  cured  for  five  to  six  days  and  then  were 
stored  in  the  laboratory  until  the  day  of  the  test,  approximately  six 
weeks  later.  The  curing  conditions  during  the  period  of  sustained  load 
fluctuated  about  an  average  relative  humidity  of  75%  and  an  average  temper¬ 
ature  of  64.5°F.  The  average  monthly  difference  between  the  5th  and  95th 
percentile  temperatures  and  relative  humidities  was  approximately  20°F  and 
357o,  respectively.  An  estimation  of  creep  under  these  conditions  is  diffi¬ 
cult  since  according  to  Neville  and  Meyers  the  creep  under  a  varying 

relative  humidity  will  be  higher  than  that  which  would  occur  under  a  con¬ 
stant  humidity  equal  to  the  average  value.  For  this  reason,  even  though 
the  curing  conditions  appear  to  be  better  for  Green's  columns  than  those 
assumed  in  SECTION  3.3.1,  the  creep  curves  of  FIGURE  3.6  have  been  used 
for  the  comparison.  The  approximate  equations  of  SECTION  3.3.8  have  been 
used  to  determine  the  coefficients  of  the  creep  equation  at  various  durations 
of  loading.  A  minimum  of  three  creep  stages  was  used  in  the  analysis  to 
predict  the  behavior  under  the  longer  durations  of  loading. 

The  value  of  k3  was  set  at  0.75  for  the  calculations  using 
the  analysis  of  this  thesis.  Because  little  is  known  of  the  concrete 
quality,  this  value  was  based  on  the  parameters  used  by  Green  in  his 
analysis.  In  Green's  analysis,  the  strength  gain  was  assumed  to  be  com¬ 
plete  and  k3  varied  from  0.95  to  0.82  with  duration  of  loading,  but  the 
concrete  was  credited  with  no  tensile  strength.  Therefore,  to  keep  the 
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observed 


(c)  Column  S-3  (d)  Column  S-A 


observed 


(e)  Column  S-5 


(f)  Column  S-6 
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observed  -  observed 


(g)  Column  S-7 


(h)  Column  S-8 


observed  -  observed 


(i)  Column  S-9 


(j)  Column  S-10 
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range  of  concrete  resistance  approximately  the  same  in  both  analyses, 
was  set  at  0.75  for  use  with  the  analysis  of  this  thesis. 

Although  the  column  lengths  were  reported  as  75  inches,  each 
end  of  the  column  was  stiffened  by  a  considerable  increase  in  section 
size  over  a  length  of  approximately  11.5  inches.  The  stiffness  of  these 
end  blocks  was  approximated  as  infinite  in  the  analysis  of  this  thesis. 

6.6.1  Comparison  of  the  Results  of  Green's  Sustained  Load  Column  Tests 

with  the  Results  of  the  Analysis 

FIGURES  6.9(a)  to  6.9(f)  show  the  computed  and  actual  column 
deflected  shapes  after  various  periods  under  sustained  load.  The  du¬ 
rations  of  loading  in  hours  have  been  noted  on  the  curves. 

The  correlation  between  the  measured  and  the  computed  deflected 
shapes  was  reasonably  good  for  most  of  the  columns.  Columns  S-2  and  S-10 
show  calculated  deflected  shapes  which  were  considerably  smaller  than 
the  observed  deflected  shapes  under  short-time  loading  and  at  the  longest 
duration  of  loading.  Columns  S-7  and  S-8,  however,  exhibited  calculated 
deflected  shapes  which  were  considerably  larger  than  the  observed  deflected 
shapes.  For  column  S-6,  the  analysis  column  failed  at  the  longest  duration 
of  loading. 

Although  Green's  analytical  results  have  not  been  shown,  his 
correlation  between  the  actual  and  the  observed  mid-height  deflections 
was  similar  to  that  achieved  using  the  analysis  of  this  thesis. 

6 . 7  Conclusion 

The  method  of  analysis,  for  the  most  part,  showed  a  good  corre¬ 
lation  with  the  results  of  experimental  investigations.  However,  only  one 
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of  these  investigations  involved  sustained  loading  of  a  frame.  As  this 
is  within  the  field  of  application  of  the  method  of  analysis,  it  would  be 
desirable  to  correlate  with  more  frame  investigations  as  they  become  avail¬ 
able. 

Before  the  analysis  could  be  applied  to  the  experimental  investi¬ 
gations,  the  material  properties  for  the  concrete  had  to  be  determined  for 
the  particular  test  conditions.  Generally,  all  the  influencing  factors  are 
not  reported  on  by  the  investigators,  and  a  determination  of  the  material 
properties  becomes  partly  intuitive.  This  is  especially  true  in  the  de¬ 
termination  of  the  value  of  to  be  used.  Usually  the  only  information 

available  is  the  value  of  k3  used  by  the  investigators  in  the  analyses 
applied  to  their  own  tests. 


.  ' 

.  S O ..  ' 


CHAPTER  VII 


DESCRIPTION  OF  THE  INVESTIGATION 
OF  LONG  COLUMNS  IN  FRAMEWORKS 


7 . 1  Intr oduct ion 

The  analysis  developed  in  CHAPTERS  III  to  VI  of  this  thesis  has 
been  applied  to  an  investigation  of  the  effect  of  sustained  load  on  the 
behavior  of  long,  reinforced  concrete  columns  in  a  number  of  selected 
frameworks.  The  columns  were  bent  in  either  symmetrical  single  curvature 
or  double  curvature  with  one  end  of  the  column  fixed.  The  major  variables 
in  the  investigation  were  the  column  slenderness  ratio  and  the  level  of  the 
sustained  load. 

This  chapter  provides  a  description  of  the  frameworks,  the  as¬ 
sumptions  used  in  the  analysis  of  the  frameworks,  the  scope  of  the  analysis, 
and  the  data  used  in  the  analysis.  The  final  section  discusses  the  choice 
of  the  frameworks . 

7 . 2  Description  of  the  Frameworks 

The  columns  of  the  investigation  were  included  in  the  frameworks 
shown  in  FIGURES  7.1(a)  and  7.1(b).  FIGURE  7.1(a)  shows  the  column  bent 
in  symmetrical  single  curvature  and  FIGURE  7.1(b)  shows  the  column  fixed 
at  one  end  and  bent  in  double  curvature.  Because  of  the  symmetry  present 
in  the  frameworks,  the  investigation  of  column  behavior  can  be  carried  out 
by  analysis  of  the  partial  frameworks  of  FIGURES  7.1(c)  and  7.1(d).  FIGURE 
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7.1(c)  shows  the  model  used  in  the  analysis  of  the  columns  bent  in  sym¬ 
metrical  single  curvature  and  FIGURE  7.1(d)  shows  the  model  for  the  analysis 
of  the  columns  fixed  at  one  end  and  bent  in  double  curvature. 

The  properties  of  all  the  beams  were  kept  constant  in  the  column 
investigations.  These  included  the  geometric  properties,  the  material 
properties,  and  the  uniform  load.  A  typical  beam  cross-section  is  shown 
in  FIGURE  7.2(a).  The  corresponding  column  properties  with  the  exception 
of  length  and  level  of  sustained  load  were  also  kept  constant.  A  typical 
column  cross-section  is  shown  in  FIGURE  7.2(b). 
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The  following  assumptions  have  been  made  to  simplify  the  analysis 
of  the  frameworks: 

1.  All  columns  in  any  particular  framework  are  identical  in  every 
respect  except  length. 

2.  The  columns  have  a  constant  cross-section  over  their  length. 

The  beams  have  reinforcement  only  on  the  tension  face  regard¬ 
less  of  variations  in  the  location  of  the  point  of  contraf lexur e . 

3.  The  members  are  initially  straight. 

4.  The  ends  of  the  members  do  not  deflect  vertically  or  laterally. 

5.  The  uniform  load  on  the  beams  is  constant  and  is  sustained 
indefinitely. 

6.  The  column  loads  are  applied  axially  at  the  column  ends.  They 
may  be  either  sustained  or  increased  in  stages. 

7.  In  the  models  used  for  analysis  (FIGURES  7.1(c)  and  (d)  ,  the 
additional  axial  load  in  the  lower  column  due  to  the  uniform 
load  on  the  beam  has  been  ignored. 

7 . 3  Scope  of  the  Investigation 

A  total  of  twelve  frameworks  have  been  analysed  for  this  thesis. 
Six  of  the  frameworks  contained  columns  bent  in  symmetrical  single  curva¬ 
ture  and  six  of  the  frameworks  contained  columns  fixed  at  one  end  and  bent 
in  double  curvature.  Each  group  of  six  frameworks  was  formed  by  considering 
geometrical  slenderness  ratios  of  Lc/tc  =  10,  16,  22,  28,  34,  and  40. 

Six  different  loading  sequences  were  applied  to  the  columns  in 
each  of  the  twelve  frameworks.  Initially,  the  short-time  failure  load  was 
obtained  by  successive  incrementation  of  the  column  axial  load.  The  five 
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remaining  load  sequences  were  formed  by  applying  to  the  columns,  sustained 
axial  loads  equal  to  30%,  40%.,  50%,  60%.,  and  70%.  of  the  short-time  failure 
load.  The  duration  of  sustained  load  was  25  years  with  intermediate  calcu¬ 
lations  being  made  at  seven  days  and  nine  months  based  on  the  creep  pro¬ 
perties  assumed  in  SECTION  3.3.8.  If  failure  did  not  occur  during  the 
period  of  sustained  load,  increments  of  short-time  axial  load  were  then 
applied  to  produce  failure. 

A  maximum  of  eight  loading  stages  were  used  in  applying  each 
loading  sequence  to  the  single  curvature  columns  and  seven  loading  stages 
in  applying  each  loading  sequence  to  the  double  curvature  columns.  Each 
loading  stage  represented  either  an  increment  of  load  in  the  case  of  short- 
time  loading  or  an  increment  of  time  in  the  case  of  sustained  loading. 

The  sustained  load  stages  were  preceeded  by  a  short-time  loading  stage 
to  the  value  of  the  sustained  load. 

7 . 4  Data  for  the  Analysis 

The  numerical  data  have  been  divided  into  four  categories: 

1.  dimensions  and  loads 

2.  material  properties 

3.  increments  to  attain  convergence  of  the  trial  and  error  procedures 

4.  permissible  variations  in  the  convergence  of  the  trial  and  error 
procedures . 

7.4.1  Dimensions  and  Loads 

The  same  beam  was  used  in  all  the  frames  analyzed.  This  beam 


is  described  in  TABLE  7.1. 
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TABLE  7.1 

BEAM  DIMENSIONS  AND  LOAD 


Uniform 

load 

(k/ft) 

Length 

(ft) 

Depth 

tB 

(in) 

Width 

bB 

(in) 

dV 

lB 

Steel 

As 

7-^-  (7o) 
bBtB 

4.0 

20.0 

17.5 

12.0 

0.100 

3.0 

The  uniform  load  on  the  beam  of  4k/ft  represents  64 %  of  the  failure  load 
of  an  identical  simply  supported  beam. 

The  column  data  held  constant  in  the  analyses  are  listed  in 

TABLE  7.2. 


TABLE  7.2 

CONSTANT  COLUMN  DIMENSIONS 


Depth 

Width 

d' 

Tension  steel 

Comp,  steel 

^■c 

bc 

fcc 

As/bctc  m 

As  /bctc 

(in) 

(in) 

y0 

12.0 

12.0 

0.100 

1.00 

1.00 

Column  designations,  lengths,  slenderness  ratios,  and  levels  of 
sustained  load  are  included  in  TABLES  7.3  and  7.4  for  the  columns  bent  in 
single  curvature  and  the  columns  bent  in  double  curvature  respectively. 

The  actual  values  of  load  considered  in  each  loading  stage  of  each  loading 
sequence  are  dependent  on  the  results  of  the  analysis  of  the  columns  loaded 
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to  failure  under  short-time  loads. 

7.4.2  Material  Properties 

The  reinforcing  steel  was  assumed  to  have  a  yield  point  of  50 
ksi  and  modulus  of  elasticity  of  30,000  ksi. 

The  concrete  stress -strain  properties  independent  of  sustained 
load  are  included  in  TABLE  7.5.  The  concrete  stress -strain  curve  had  the 
shape  shown  in  FIGURE  3.3. 


TABLE  7.5 

CONCRETE  PROPERTIES  INDEPENDENT 
OF  SUSTAINED  LOAD 


Ga2*3 

(ksi) 

k3 

kt 

eu 

4.0 

0.85 

-0.15 

0.0038 

The  sustained  load  properties  of  concrete  are  listed  in  TABLE 
7.6.  The  shrinkage  values  were  obtained  from  FIGURE  3.4  and  the 

creep  coefficients  from  TABLE  3.1. 


TABLE  7 .6 

SUSTAINED  LOAD  PROPERTIES  OF  CONCRETE 


Var iab  le 

Dura 

tion  of  Loadin 

g 

7  days 

9  months 

25  years 

€Sh(k) 

0.0002 

0.0006 

0.0008 

F1(K) 

0.0009 

0.0018 

0.0028 

F2(K) 

0.0008 

0.0016 

0.0025 

F3(K) 

0.0007 

0.0014 

0.0021 
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7.4.3  Incrementing  Data 

The  variables  listed  in  this  section  are  used  either  directly 
as  increments  to  converge  the  trial  and  error  procedures  of  the  analysis 
or  indirectly  in  the  calculation  of  these  increments  as  outlined  in 
CHAPTER  IV.  The  incrementing  variables  have  identical  numerical  values 
for  both  forms  of  column  restraint.  These  values  are  included  in  TABLE 
7.7  . 

The  moment  increments  AM1(K)  (SECTION  4.6.4)  and  AM2(K) 
(SECTION  4.7.3)  are  not  listed  in  this  section  because  their  magnitudes 
are  directly  dependent  on  the  error  of  closure  in  their  respective  trial 
and  error  procedures. 


TABLE  7.7 


INCREMENTING  DATA 


Framework 

Loading  Stage 

K 

Variable 

Columns 

1 

2 

3 

4 

5 

6 

7 

8 

DELE (K) 
(in/in  x 
10-3  ) 

All  columns 

4.0 

4.0 

4.0 

4.0 

4.0 

4.0 

4.0 

4.0 

DELS (K) 

Column  1  in 
each  series 

60 

60 

60 

60 

60 

60 

60 

60 

(psi) 

Columns  2-6 
each  series 

in 

60 

30 

15 

12 

60 

60 

60 

60 

emax^) 

Column  1  in 
each  series 

1.8 

1.8 

00  j 

1.8 

1.8 

1.8 

1.8 

1.8 

in/in  x 
10"3 

Columns  2-6 
each  series 

in 

1.8 

4.4 

7.2 

10.0 

10.0 

10.0 

10.0 

10.0 

t'i  ciJ  •)  .9  to;  aiii.j  n '  •  x  '  ' 
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7.4.4  Permissible  Variations 

The  permissible  variations  constitute  allowable  errors  in  the 
closure  of  the  trial  and  error  procedures  of  the  analysis.  The  numerical 
values  reported  in  this  section  are  used  either  directly  as  permissible 
variations  or  indirectly  in  the  calculation  of  permissible  variations  as 
outlined  in  CHAPTER  IV. 

The  values  listed  in  TABLE  7.8  were  preset  prior  to  computer 
calculation.  They  were  all  subject  to  increase  by  the  computer  if  an  end¬ 
less  calculation  loop  resulted  and  the  analysis  would  not  converge.  This 
was  not  a  frequent  occurrence  but  did  occur  when  the  columns  became  unstable 
and  exhibited  a  high  sensitivity  to  a  change  in  load.  The  values  most  often 
affected  were  AY(K)  for  the  columns  bent  in  double  curvature  and  A0(K) 
for  the  columns  bent  in  single  curvature. 

The  less  restrictive  incrementing  data  used  for  the  frames  con¬ 
taining  the  columns  bent  in  double  curvature  was  necessary  to  reduce  the 
time  required  for  computer  solution. 

TABLE  7 . 8 

PERMISSIBLE  VARIATION  DATA 


''''\Var  iable 

Frames 

APb(K) 

(kips) 

APC(K) 

(kips) 

AMB(K) 
(in  k) 

AMC(K) 
(in  k) 

dele(k) 

in/in 

xlO-5 

AY(K) 

(in) 

A9(K) 

rad . 

Single  Curvature 

7.50 

4.0 

30.0 

10.0 

4.0 

0.005 

0.0002 

to 

0.0004 

Double  Curvature 

7.50 

5.0 

40.0 

15.0 

4.0 

0.005 

to 

0.020 

0.0002 
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7 . 5  General  Comments 

The  frames  described  in  this  chapter  were  chosen  to  limit  the 
analysis  to  a  consideration  of  only  two  members.  This  limitation  was 
necessary  because  of  the  restrictions  imposed  by  both  the  memory  capacity 
of  the  computer  and  the  time  required  for  computer  analysis. 
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CHAPTER  VIII 


RESULTS  OF  THE  INVESTIGATION 
OF  LONG  COLUMNS  IN  FRAMEWORKS 


8 . 1  Introduct ion 

The  results  of  the  investigation  of  long  columns  in  frameworks 
under  sustained  load  are  presented  in  this  chapter  along  with  a  discussion 
of  the  trends  which  appeared  to  exist . 

The  results  have  been  presented  in  graphical  form.  The  ordinate 
and  abscissa  parameters  of  the  graphs  have  a  dimensional  form  so  that  it 
is  not  implied  that  all  cases  which  satisfy  the  appropriate  non-dimensional 
parameters  will  exhibit  the  same  behavior. 

A  section  is  included  in  this  chapter  on  the  analysis  of  the 
frames  by  first  order  theory  so  as  to  provide  a  reference  point  for  the 
interpretation  of  the  results. 

The  remaining  sections  of  the  chapter  present  results  on: 

1.  Load-moment  behavior  of  the  columns. 

2.  Maximum  column  deflections. 

3.  Maximum  concrete  stresses. 

4.  Maximum  and  minimum  steel  stresses. 

5.  Joint  rotations. 

6.  Failure  loads. 

It  should  be  noted  that  in  all  cases  the  eccentricity  of  the 
axial  load  applied  to  the  columns  was  small  according  to  a  first  order 
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ana  lysis . 

8 . 2  Analysis  Using  First  Order  Theory 

The  first  order  theory  used  in  this  thesis  was  elastic  moment 
distribution.  Member  stiffnesses  were  assessed  using  the  gross  concrete 
section  and  neglecting  the  effect  of  reinforcement.  First  order  theory 
does  not  consider  the  effects  of  secondary  moments  in  the  columns. 

The  results  of  the  first  order  analysis  are  listed  in  TABLES  8.1 
and  8.2  for  the  single  curvature  frames  and  the  double  curvature  frames 
respectively. 


TABLE  8.1 

FIRST  ORDER  ANALYSIS  OF  THE  FRAMES  CONTAINING 
THE  COLUMNS  BENT  IN  SINGLE  CURVATURE 


Frame 

lB 

(ft) 

Lc 

(ft) 

Unif . 

Load 

k/ft 

FEM 

ft  .k 

Ic/Lc 

Column 

in^ 

ib/lb 

Beam 

in  3 

D.F. 

Column 

D.F. 

Beam 

Mend 
Column 
ft  .k 

Mend 

Beam 
ft  .k 

S-10 

20 

10 

4.0 

133.3 

14.40 

22.33 

0.282 

0.437 

37.5 

75.1 

S  -16 

20 

16 

4.0 

133.3 

9.00 

22.33 

0.223 

0.554 

29.8 

59.5 

S  -22 

20 

22 

4.0 

133.3 

6.55 

22.33 

0.185 

0.630 

24.6 

49.3 

S  -28 

20 

28 

4.0 

133.3 

5.14 

22.33 

0.158 

0.685 

21.0 

42.0 

S  -34 

20 

34 

4.0 

133.3 

4.24 

22.33 

0.138 

0.725 

18.3 

36.7 

S  -40 

20 

40 

4.0 

133.3 

3.60 

22.33 

0.122 

0.7  56 

16.3 

32.5 
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TABLE  8.2 

FIRST  ORDER  ANALYSIS  OF  THE  FRAMES  CONTAINING 
THE  COLUMNS  BENT  IN  DOUBLE  CURVATURE 


Frame 

lB 

(ft) 

Lc 

(ft) 

Unif . 

Load 

(k/ft) 

FEM 
(ft .k) 

Ic/Lc 

Column 

in^ 

Ib/lb 

Beam 

in^ 

D.F. 

Column 

— 

D.F. 

Beam 

MCol. 
ft  ,k 

MB  earn 

ft  .k 

D-10 

20 

10 

4.0 

133.3 

14.40 

22.33 

0.360 

0.279 

48.0 

96.1 

D-16 

20 

16 

4.0 

133.3 

9.00 

22.33 

0.309 

0.383 

41.1 

82.3 

D-22 

20 

22 

4.0 

133.3 

6.55 

22.33 

0.270 

0.461 

36.0 

72.0 

D-28 

20 

28 

4.0 

133.3 

5.14 

22.33 

0.240 

0.521 

32.0 

63.9 

D-34 

20 

34 

4.0 

133.3 

4.24 

22.33 

0.216 

0.569 

28.8 

57.5 

D-40 

20 

40 

4.0 

133.3 

3.60 

22.33 

0.196 

0.60  8 

26.1 

52.3 

8 . 3  Load-Moment:  Behavior 

The  load -moment  behavior  of  the  columns  in  the  frameworks  is 
illustrated  in  FIGURES  8.1  to  8.17.  The  behavior  of  the  single  curvature 
columns  and  the  behavior  of  the  double  curvature  columns  are  discussed 
separately  in  the  following  sections. 

8.3.1  Load-Moment  Behavior  of  the  Columns  Bent  in  Single  Curvature 

The  load-moment  behavior  of  the  columns  bent  in  single  curvature 
is  shown  in  FIGURES  8.1  to  8.9.  These  curves  are  of  three  types: 

1.  FIGURES  8.1  to  8.6  show  the  relationship  between  load  and 

moment  for  the  various  loading  sequences  applied  to  each  frame. 


Column  Load  (kips)  Column  Load  (kips) 


FIGURE  8.1 


FIGURE  8.2 


LOAD -MOMENT  BEHAVIOR  OF  COLUMNS  S-16 


Column  Load  (kips)  Column  Load  (kips) 


Column  Moment  (in  k) 
FIGURE  8.3 


Column  Moment  (in  k) 

FIGURE  8.4 

LOAD -MOMENT  BEHAVIOR  OF  COLUMNS  S-28 


Column  Load  (kips)  Column  Load  (kips) 


Column  Moment  (in  k) 
FIGURE  8.5 


FIGURE  8.6 

LOAD-MOMENT  BEHAVIOR  OF  COLUMNS  S -40 


Centre-Line  Moment  (in  k) 
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Slenderness  Ratio  (L/t) 

FIGURE  8.7 

VARIATION  IN  MAXIMUM  MOMENT  WITH  SLENDERNESS 
RATIO  FOR  THE  COLUMNS  BENT  IN  SINGLE  CURVATURE 


Column  End  Moment  (in  k) 
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FIGURE  8.8 

VARIATION  IN  COLUMN  END  MOMENT  WITH  SLENDERNESS 
RATIO  FOR  THE  COLUMNS  BENT  TN  SINGLE  CURVATURE 
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FIGURE  8.9 


VARIATION  IN  SINGLE  CURVATURE  COLUMN  MOMENTS  WITH  TIME 
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2.  FIGURES  8.7  and  8.8  show  the  maximum  and  minimum  moments  as  a 
function  of  slenderness  ratio  for  the  various  levels  of  sus¬ 
tained  load  and  durations  of  loading. 

3.  FIGURE  8.9  shows  the  variation  in  column  moments  with  time  for 
the  various  levels  of  sustained  load.  The  three  parts  of  this 
figure  are  cross-sections  through  FIGURES  8.7  and  8.8  at  slender¬ 
ness  ratios  of  16,  28,  and  40. 

The  behavior  of  the  single  curvature  columns  under  increasing 
axial  load  is  best  illustrated  by  FIGURES  8.1  to  8.6.  These  figures  also 
illustrate  the  total  changes  in  moment  under  sustained  load.  The  upper 
line  in  each  of  these  figures  represents  the  interaction  diagram  for  the 
column  cross-section  under  short-time  loads.  The  column  moment  by  first 
order  theory  is  also  included  as  a  reference. 

(a)  Columns  Subjected  to  Short-Time  Loading  to  Failure 

Columns  S-10.ST  to  S-40.ST  of  FIGURES  8.1  to  8.6  were  subjected 
to  short-time  loading  to  failure.  The  short-time  failure  loads  decreased 
with  an  increase  in  slenderness  ratio.  This  decrease  in  failure  load  was 
only  slight  from  column  S-10.ST  to  column  S-16.ST  because  of  the  absence 
of  instability.  For  further  increases  in  slenderness  ratio,  however,  in¬ 
stability  under  short-time  loading  became  increasingly  apparent  and  the 
failure  loads  were  reduced  considerably.  The  failure  loads  under  short-time 
loading  were  used  to  assess  the  magnitude  of  sustained  load  in  each  load 
level . 

Column  S-10.ST  exhibited  unusual  behavior  at  low  levels  of  load. 

In  this  range,  the  relative  stiffness  of  the  column  increased  with  in¬ 
creasing  load  as  evidenced  by  the  increase  in  end  moment.  This  behavior 
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was  due  to  a  reduction  in  tensile  cracking  with  an  increase  in  load.  The 
other  columns  under  short-time  load  did  not  exhibit  this  behavior  because 
the  moments  distributed  to  them  were  of  a  smaller  order. 

The  relative  stiffness  of  columns  S-10.ST  to  S-40.ST  decreased 
with  either  an  increase  in  load  or  an  increase  in  slenderness  ratio  because 
of  the  development  of  the  deflection  moment  which  is  the  product  of  the 
axial  load  and  the  deflection.  The  development  of  the  deflection  moment 
also  produced  changes  in  the  maximum  moment.  However,  whether  the  increase 
in  deflection  moment  resulted  in  increases  or  decreases  in  the  maximum 
moment  depended  on  the  effect  of  the  deflection  moment  on  the  stiffness  of 
the  column.  For  shorter  columns  the  deflections  are  small,  but  an  increase 
in  the  deflection  has  a  large  effect  on  the  stiffness  of  the  column.  As 
a  result,  the  relative,  stiffness  of  a  short  column  in  a  frame  will  decrease 
at  a  faster  rate  than  the  deflection  moment  increases.  The  net  effect  is 
a  reduction  in  the  maximum  moment  in  the  column  as  was  exhibited  by  column 
S-10.ST.  Columns  S-28.ST,  S-34.ST,  and  S-40.ST  all  exhibited  increases  in 
maximum  moment  with  increasing  deflection  moment  throughout  the  complete 
range  of  loading.  The  increasing  deflection  moments  also  caused  reductions 
in  the  relative  column  stiffness  and  column  end  moments,  but  the  mid-height 
moments  increased  more  rapidly  than  the  end  moments  decreased.  Columns 
S-16.ST  and  S-22.ST  exhibited  behavior  between  that  of  S-10.ST  and  S-28.ST. 

The  non-linear  stress -strain  diagram  for  concrete  also  had  an 
influence  on  the  behavior  of  the  columns  under  short-time  loading.  For  the 
shorter  columns,  a  "hinge"  developed  at  the  mid-height  of  the  column  near 
failure  and  the  relative  stiffness  of  the  column  decreased  rapidly.  For 
the  longer  columns,  this  hinge  did  not  develop  because  the  failure  was  due 
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to  instability.  However,  as  the  failure  load  was  approached,  the  behavior 
of  the  longer  columns  was  influenced  by  non-linear  rotation  at  the  centre¬ 
line  of  the  beam.  With  a  reduction  in  the  relative  stiffness  of  the  column, 
the  mid-span  or  maximum  moment  in  the  beam  was  increased  through  the  re¬ 
distribution  of  moment.  When  the  end  moment  in  the  column  had  reduced  al¬ 
most  to  zero,  the  response  of  the  beam  to  a  change  in  end  moment  deviated 
from  the  linear  behavior  it  had  exhibited  up  until  then.  As  a  result,  some 
of  the  moment  was  redistributed  back  to  the  column.  This  behavior  hastened 
the  change  from  stable  to  unstable  behavior  in  the  longer  columns. 

(b)  Columns  Subjected  to  a  Sustained  Load  Followed  by  Quick  Loading 

to  Failure 

Columns  .30  to  .70  in  each  series  illustrate  the  frame  behavior 
under  various  levels  of  sustained  axial  load  in  the  columns.  The  behavior 
of  these  columns  was  similar  to  the  behavior  under  short-time  loading  al¬ 
though  the  length  effects  were  amplified  by  the  deflections  caused  by  the 
dimensional  instability  of  the  concrete  under  sustained  load. 

At  the  lowest  level  of  sustained  load  (0.30  PULT) ,  all  the  columns 
except  S-40.30  exhibited  an  increase  in  relative  column  stiffness  with  up 
to  nine  months  under  sustained  load.  This  was  due  to  the  action  of  the 
compression  steel*  in  the  column  in  reducing  the  amount  of  creep.  Under  a 
sustained  load,  the  stiffness  of  a  structural  concrete  member  is  reduced 
with  time  because  of  the  increase  in  the  curvatures  due  to  creep.  However, 
when  compression  steel  is  present,  the  stress  in  the  compression  zone  is 
redistributed  from  the  concrete  to  the  steel,  and  since  creep  is  stress 

^Although  the  reinforcing  steel  may  be  in  compression  in  both  column  faces, 
the  term  compression  steel  is  used  to  refer  the  reinforcing  in  the  concave 
side  of  the  column. 
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dependent,  this  retards  the  loss  in  stiffness  with  time.  In  the  frames 
of  the  investigation,  the  beams  did  not  have  compression  steel,  and  at 
low  levels  of  load,  the  stiffness  of  the  beam  reduced  at  a  faster  rate 
with  time  than  did  the  stiffness  of  the  column.  The  net  effect  of  this 
was  an  increase  in  the  relative  stiffness  of  the  column  and  a  resulting 
increase  in  the  column  moments.  The  increase  in  relative  stiffness  at 
the  low  levels  of  load  was  only  exhibited  up  to  nine  months  duration  of 
loading.  From  this  time  up  to  25  years  under  load,  the  relative  stiffness 
of  the  columns  decreased  because  the  compression  reinforcement  had  yielded 
and  thus  was  no  longer  effective  in  accepting  stress  from  the  concrete  in 
the  redistribution  process.  Thus,  a  "softer"  column  resulted.  The  com¬ 
pression  steel  also  retarded  the  decrease  in  the  stiffness  of  the  columns 
at  the  higher  load  levels.  The  effect,  however,  was  not  as  noticeable 
because  of  the  increased  importance  of  the  deflection  moment  and  because 
the  compression  steel  yielded  after  shorter  durations  of  loading. 

The  deflection  moments  were  increased  considerably  under  sustained 
load.  As  was  the  case  under  short-time  load,  the  increasing  deflection 
moments  caused  large  decreases  in  the  relative  stiffness  of  the  shorter 
columns  with  only  slight  increases  in  maximum  moment.  However,  because 
the  deflection  moments  were  larger  than  under  short-time  loading,  the 
contribution  of  deflection  moment  to  increases  in  maximum  moment  was  more 
noticeable  at  lower  values  of  slenderness  ratio  than  under  short-time  load. 
In  other  words,  the  effect  of  sustained  load  was  to  produce  a  marked  in¬ 
crease  in  the  tendency  of  the  columns  to  become  unstable.  Unstable  behavior 
under  sustained  load  was  exhibited  by  column  S-16.70  which  failed  after  a 
duration  of  loading  of  approximately  nine  months.  For  larger  slenderness 
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ratios,  the  level  of  sustained  load  required  to  produce  instability  de¬ 
creased.  For  the  columns  with  a  slenderness  ratio  of  40,  instability  was 
exhibited  under  all  levels  of  sustained  load  except  the  lowest  one 
(0.3  PULT) . 

The  columns  which  did  not  fail  under  sustained  load  were  quick 
loaded  to  failure  following  the  period  of  sustained  load.  More  long  column 
behavior  was  exhibited  under  this  quick  loading  than  under  the  short-time 
loading  without  the  sustained  load  phase.  This  behavior  was  due  to  the 
increase  in  the  column  deflections  under  the  sustained  load  and  also  due 
to  the  compression  steel,  which  after  having  yielded  under  sustained  load, 
was  no  longer  effective  in  resisting  increases  in  load. 

For  all  of  the  columns  except  those  with  a  slenderness  ratio  of 
10,  the  failure  load  under  the  subsequent  quick  load  decreased  as  the  level 
of  the  sustained  load  increased.  This  behavior  was  not  exhibited  by  columns 
S-10.30  to  S-10.60  because  the  increases  in  deflection  moment  were  manifested 
as  decreases  in  the  relative  column  stiffness  rather  than  as  increases  in 
maximum  moment .  The  maximum  moment  in  these  columns  decreased  with  an  in¬ 
crease  in  the  deflection  moment  as  the  failure  load  was  approached. 

Column  S-10.70  did  not  fall  into  the  above  generalization  as  it  approached 
instability  at  failure. 

The  non-linear  behavior  of  concrete  had  a  greater  influence  on 
the  behavior  of  the  columns  subjected  to  sustained  load  than  it  did  on  the 
columns  which  were  subjected  to  only  short-time  load.  The  combination  of 
non-linearity  in  both  the  instantaneous  and  the  time  dependent  stress -strain 
responses  resulted  in  very  little  linear  behavior  being  exhibited  by  the 
structural  members.  For  the  columns  investigated,  the  net  effect  of  sus- 
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tained  load  was  an  increase  in  the  "hinging"  in  both  the  columns  and  the 
beams  over  that  exhibited  under  short-time  loading.  The  hinging  in  the 
columns  caused  rapid  decreases  in  the  relative  stiffness  of  columns 
S-10.30  to  S-10.60  as  the  failure  load  was  approached.  Columns  S-10.70 
and  S-16.30  to  S-16.60  show  the  effects  of  hinging  in  the  restraining  beam. 
These  columns  became  unstable  with  only  a  small  increase  in  the  quick  load 
following  the  sustained  load.  This  resulted  from  moment  being  distributed 
from  the  beam  back  to  the  column  as  a  result  of  hinging  in  the  beam.  For 
higher  slenderness  ratios,  the  effect  of  this  hinging  was  minor  compared 
to  the  influence  of  the  deflection  moments. 

(c)  Variation  in  Column  Moments  and  Stiffnesses  with  Time 

FIGURES  8.7  and  8.8  show  the  effect  of  slenderness  ratio  on  the 
maximum  and  end  moments  in  the  columns  under  the  different  levels  of  sus¬ 
tained  load  and  for  different  durations  of  loading. 

Under  short-time  loading,  FIGURE  8.7(a)  shows  that  the  maximum 
moments  in  the  columns  decreased  with  an  increase  in  slenderness  ratio  for 
the  levels  of  load  considered.  This  was  due  to  the  decrease  in  the  magni¬ 
tude  of  the  load  in  each  load  level  with  an  increase  in  slenderness  ratio 
and  also  to  the  absence  of  instability  at  these  load  levels. 

The  behavior  after  a  duration  of  sustained  load  of  seven  days 
is  shown  in  FIGURE  8.7(b).  At  the  highest  level  of  load,  the  compression 
steel  had  yielded  in  all  the  columns  and  the  influence  of  increasing  slender¬ 
ness  ratio  on  instability  was  apparent.  At  the  lower  levels  of  sustained 
load,  the  compression  steel  had  yielded  only  in  the  shorter  columns  and 
as  a  result  there  was  no  trend  towards  instability  for  the  higher  slenderness 
ratios.  Since  none  of  the  compression  steel  had  yielded  at  the  lower  levels 
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of  sustained  load  in  the  more  slender  columns,  behavior  was  similar  to  that 
under  short-time  loading. 

The  behavior  after  nine  months  duration  of  loading  is  shown  in 
FIGURE  8.7(c).  At  the  two  higher  load  levels,  the  compression  steel  had 
yielded  in  all  of  the  columns  and  the  instability  of  the  "softer"  columns 
at  high  slenderness  ratios  was  apparent.  At  the  lower  levels  of  load,  the 
compression  steel  had  not  yet  yielded  in  columns  S-40.50,  S-40.40,  S-40.30, 
S-34.40,  S-34.30,  or  S-28.30.  (See  FIGURE  8.23).  The  influence  of  this 
factor  on  the  change  in  maximum  moment  with  slenderness  ratio  is  apparent 
from  the  curves . 

The  behavior  at  the  end  of  25  years  under  load  is  shown  in 
FIGURE  8.7(d).  The  compression  steel  in  all  the  columns  had  yielded  by 
this  time.  At  the  four  higher  load  levels  the  trend  towards  instability 
was  apparent.  At  the  lowest  level  of  load,  however,  the  magnitude  of  load 
was  only  large  enough  to  cause  unstable  behavior  in  column  S-40.30. 

FIGURE  8.8(a)  illustrates  the  effect  of  the  slenderness  ratio 
and  the  level  of  load  on  the  relative  stiffness  of  the  columns  under  short- 
time  loading.  The  stability  of  these  columns  is  shown  by  the  similarity  in 
shape  between  these  curves  and  the  first  order  theory  line. 

The  relative  stiffnesses  of  the  columns  after  a  duration  of  sus¬ 
tained  load  of  seven  days  is  illustrated  in  FIGURE  8.8(b).  The  columns 
exhibited  the  stable  behavior  shown  under  short-time  loading,  but  the  de¬ 
crease  in  the  relative  stiffness  was  larger  as  the  load  level  was  increased. 
This  decrease  was  the  same  for  the  short  and  long  columns  indicating  the 
greater  effect  of  increasing  deflections  on  the  stiffness  of  the  short 
columns.  The  increased  deflections  in  the  shorter  columns  at  the  two 
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higher  load  levels  were  the  result  of  yielding  in  the  compression  steel. 

After  longer  periods  of  sustained  loading,  FIGURES  8.8(c)  and 
(d)  show  the  increasing  influence  of  yielding  of  the  compression  steel  on 
relative  column  stiffness.  The  relative  stiffness  decreased  rapidly  with 
slenderness  ratio  once  the  compression  steel  had  yielded,  but  again  the 
decrease  in  relative  stiffness  was  retarded  at  higher  slenderness  ratios 
because  of  the  delay  in  the  yielding  of  the  compression  steel. 

The  curves  of  FIGURE  8.9  best  illustrate  the  changes  in  the  maxi¬ 
mum  moment  and  the  end  moment  which  occurred  with  an  increase  in  the  duration 
of  loading.  At  the  higher  load  levels,  the  influence  of  yielding  in  the 
compression  steel  is  evidenced  by  sharp  changes  in  both  relative  stiffness 
or  end  moment  and  maximum  moment.  The  changes  were  not  as  pronounced  at  the 
lower  load  levels  because  of  the  small  magnitudes  of  axial  load.  The  in¬ 
creases  in  the  relative  stiffnesses  of  columns  S-16.30  and  S-28.30  over 
the  values  under  short-time  loading  are  also  shown  in  FIGURE  8.9. 

8.3.2  Load-Moment  Behavior  of  the  Double  Curvature  Columns 

The  load -moment  behavior  for  the  double  curvature  columns  of  the 
investigation  is  shown  in  FIGURE  8.10  to  8.18.  These  curves  are  of  four 
types : 

1.  FIGURES  8.10  to  8.15  show  the  load  vs.  moment  curves  for  the 
various  loading  sequences  applied  to  each  frame. 

2.  FIGURE  8.16  shows  the  effect  of  slenderness  ratio  and  level 

of  sustained  load  on  the  maximum  and  joint  moments  after  various 
periods  of  sustained  load. 
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FIGURE  8.10 


FIGURE  8.11 

LOAD -MOMENT  BEHAVIOR  OF  COLUMNS  D-16 
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FIGURE  8.13 


LOAD -MOMENT  BEHAVIOR  OF  COLUMNS  D-28 
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FIGURE  8.15 

LOAD -MOMENT  BEHAVIOR  OF  COLUMNS  D-40 
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FIGURE  8.16 

VARIATION  IN  JOINT  MOMENT  AND  MAXIMUM  MOMENT'  WITH 
SLENDERNESS  RATIO  FOR  THE  COLUMNS  BENT  IN  DOUBLE  CURVATURE 
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FIGURE  8.17 


VARIATION  IN  DOUBLE  CURVATURE  COLUMN 
MOMENTS  WITH  TIME 


( A  n 1 )  tnsmoM 
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FIGURE  8.18 

EFFECT  OF  SUSTAINED  LOAD  ON  THE  RATIO  OF 
FIXED  END  MOMENT  TO  JOINT  MOMENT  FOR 
THE  COLUMNS  BENT  IN  DOUBLE  CURVATURE 
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3.  FIGURE  8.17  shows  the  variation  in  column  moments  with  time 
for  the  various  levels  of  sustained  load.  The  three  parts 
of  this  figure  are  cross-sections  through  FIGURE  8.16  at 
slenderness  ratios  of  16,  28,  and  40. 

4.  FIGURE  8.18  shows  the  effect  of  the  slenderness  ratio  and 
level  of  sustained  load  on  the  carry-over  factors  after 
various  durations  of  sustained  load. 

Many  of  the  factors  which  influenced  the  behavior  of  the  single 
curvature  columns  also  influenced  the  behavior  of  the  double  curvature 
columns.  As  a  result,  the  explanations  of  behavior  are  not  as  detailed 
in  this  section  as  in  the  preceeding  section. 

FIGURES  8.10  to  8.15  best  illustrate  the  behavior  of  the  columns 
under  increasing  load  and  also  show  the  total  changes  in  moment  which 
occurred  under  sustained  load.  Again,  the  interaction  diagram  for  the 
cross-section  and  the  column  moment  computed  by  first  order  theory  are 
included  as  references  to  behavior. 

(a)  Columns  Subjected  to  Short-Time  Loading  to  Failure 

Columns  D-10.ST  to  D-40.ST  of  FIGURES  8.10  to  8.15  were  subjected 
to  short-time  loading  to  failure.  The  increase  in  the  relative  column 
stiffness  with  increasing  load  at  low  levels  of  load  was  apparent  in 
column  D-10.ST  just  as  in  column  S-10.ST  and  again  was  due  to  a  reduction 
in  tensile  cracking. 

With  the  fixed  end  restraint  and  the  double  curvature  configu¬ 
ration,  an  increase  in  the  deflection  moment  had  a  primary  effect  on  re¬ 
lative  column  stiffness  and  only  a  secondary  effect  on  maximum  moment . 

As  a  result,  the  moment  at  a  point  away  from  the  joint  exceeded  the  joint 


.  i  '  ; ■  :•  :  >i  t  ■  :j  j  g  ■  • 

- 


ih.  aJt  ?rr  r?  ton  r  riJ  x ‘  3\ 


130 


moment  due  to  deflection  moment  only  after  considerable  long  column  be¬ 
havior  had  been  exhibited.  No  long  column  action  was  exhibited  by  columns 
D-10.ST  and  D-16.ST.  In  column  D-16.ST,  the  point  of  maximum  moment  had 
just  begun  to  move  away  from  the  joint  at  the  time  of  failure.  Columns 
D-22.ST  and  D-28.ST  exhibited  noticeable  long  column  action  with  column 
D-28.ST  being  on  the  verge  of  instability  at  failure.  Columns  D-34.ST  and 
D-40.ST  exhibited  unstable  failures. 

The  failure  loads  under  short-time  loading  increased  with  an 
increase  in  slenderness  ratio  up  to  column  D-22.ST.  This  behavior  was  the 
direct  result  of  the  decrease  in  the  relative  column  stiffness  due  to  the 
increasing  deflection  moment.  The  failure  load  of  column  D-28.ST  was  only 
slightly  less  than  that  of  column  D-22.ST,  but  because  of  the  instability 
exhibited  in  columns  D-34.ST  and  D-40.ST,  the  failure  loads  decreased 
substantially  as  the  slenderness  ratio  was  increased  beyond  28.  The  be¬ 
havior  and  failure  loads  under  short-time  loading  had  a  decided  influence 
on  the  behavior  of  the  models  studied  under  sustained  load  because  the 
magnitudes  of  sustained  load  were  based  on  the  short-time  failure  loads. 

The  ratio  of  the  failure  load  under  sustained  load  to  the  failure  load 
under  short-time  loading  was  a  minimum  at  a  slenderness  ratio  of  approxi¬ 
mately  28  (see  FIGURE  8.28).  As  a  result,  by  basing  the  magnitude  of 
sustained  load  on  the  short-time  failure  load,  the  columns  with  intermediate 
values  of  slenderness  ratio  exhibited  more  unstable  behavior  under  sus¬ 
tained  load  than  the  columns  with  the  higher  values  of  slenderness  ratio. 
This  behavior  is  noticeable  in  all  the  behavior  curves  for  the  double 
curvature  columns . 


The  non-linear  behavior  of  concrete  influenced  the  short-time 
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failure  loads  of  the  double  curvature  columns  in  much  the  same  way  as  it 
influenced  the  single  curvature  columns.  The  formation  of  a  "hinge"  at 
the  joint  in  columns  D-10.ST,  D-16.ST,  and  D-22.ST  caused  large  reductions 
in  the  relative  column  stiffness  with  increasing  load  as  the  failure  load 
was  approached,  and  as  a  result,  the  failure  loads  were  substantially  in¬ 
creased.  Columns  D-34.ST  and  D-40.ST  were  influenced  by  the  slight  "hinging" 
of  the  beam.  This  is  evidenced  by  the  sudden  change  from  stable  to  un¬ 
stable  behavior  as  the  relative  column  stiffness  approached  zero.  Column 
D-28.ST  appears  to  have  been  influenced  by  both  types  of  hinging,  but 
the  column  hinge  appeared  to  be  more  dominant. 

(b)  Columns  Subjected  to  a  Sustained  Load  Followed  by  Quick  Loading 

to  Failure 

The  columns  numbered  .30  to  .70  in  each  series  were  subjected  to 
a  hypothetical  sustained  load  followed  by  a  quick  loading  to  failure  if 
they  did  not  fail  under  the  sustained  load.  The  behavior  under  sustained 
load  was  influenced  considerably  by  the  magnitude  of  the  sustained  load. 

As  was  the  case  with  the  single  curvature  columns,  the  relative 
stiffness  of  the  double  curvature  columns  at  the  lower  load  levels  showed 
an  increase  with  time  up  to  nine  months  duration  of  loading.  This  behavior, 
which  was  limited  to  the  lowest  load  level  (0.30  PULT)  in  the  single  curva¬ 
ture  columns,  was  exhibited  by  some  of  the  double  curvature  columns  at 
0.40  PULT.  Again  the  behavior  was  due  to  the  relief  in  concrete  stress 
through  transfer  to  the  compression  steel,  and  was  more  noticeable  in  the 
double  curvature  columns  because  of  the  smaller  deflection  moments  at  any 
load  level. 


The  long  column  action  under  sustained  load  increased  noticeably 
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from  that  exhibited  under  short-time  loading  except  in  columns  D-10.30  to 
D-10.70  where  sustained  loading  produced  no  long  column  action.  Although 
the  columns  D-16.50  to  D-16.70  exhibited  considerable  long  column  action 
under  sustained  load,  the  maximum  moments  were  not  increased  beyond  the 
values  reached  under  short-time  loading.  Columns  D-22.40  to  D-22.70  all 
exhibited  long  column  action  under  sustained  load  with  column  D-22.70  be¬ 
coming  unstable  after  approximately  nine  months  duration  of  loading.  Column 
D-22.60  was  on  the  verge  of  instability  after  25  years  of  sustained  load 
and  also  showed  an  increase  in  maximum  moment  over  the  short-time  value. 
Columns  .30  to  .70  of  the  remaining  series  all  exhibited  long  column  action 
under  sustained  load  to  the  extent  that  all  of  the  maximum  moments  after 
25  years  duration  of  loading  exceeded  the  corresponding  short-time  values. 
Columns  .60  and  .70  in  series  D-28,  D-34  and  D-40  became  unstable  and  failed 
during  the  period  of  sustained  load. 

The  shorter  columns,  when  subjected  to  quick  load  following  the 
sustained  load,  exhibited  primarily  stable  failures.  An  exception  to  this 
was  column  D-16.70  which  exhibited  an  unstable  failure.  Columns  D-16.60 
and  D-22.30  were  both  on  the  verge  of  instability  at  failure,  and  the  re¬ 
maining  columns  exhibited  stable  failures. 

The  relative  stiffnesses  of  the  double  curvature  columns  de¬ 
creased  rapidly  with  load  as  the  quick  load  was  applied  following  the  sus¬ 
tained  load.  Again  this  behavior  was  due  to  the  increase  in  the  deflections 
and  the  yield  of  the  compression  steel  under  sustained  load. 

The  double  curvature  columns  which  were  subjected  to  sustained 
load  were  more  influenced  by  the  non-linear  behavior  of  concrete  than  were 
the  corresponding  single  curvature  columns.  This  occurred  because  the 
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relative  stiffness  of  a  double  curvature  column  decreased  without  a 
significant  increase  in  the  maximum  moment.  As  a  result,  most  of  the 
columns  were  relatively  stable  when  their  relative  stiffness  approached 
zero.  After  this  condition  was  reached,  however,  further  redistribution 
of  moment  was  incomplete  as  beam  "hinging1’  caused  some  of  the  moment  to 
be  distributed  back  to  the  column.  This  resulted  in  a  rather  sudden 
change  from  stable  to  unstable  behavior  in  the  column.  Column  "hinging" 
also  occurred  in  the  shorter  columns  which  exhibited  a  stable  failure. 

This  is  shown  by  the  large  decrease  in  the  relative  stiffness  of  each 
column  as  the  load  approached  failure. 

(c)  Variation  in  Column  Moments  and  Stiffnesses  with  Time 

FIGURE  8.16  shows  the  effect  of  slenderness  ratio  and  the  level 
of  sustained  load  on  the  maximum  moment  and  the  joint  moment  or  relative 
stiffness  in  the  columns  after  various  durations  of  sustained  load. 

The  behavior  under  short-time  loading  is  shown  in  FIGURE  8.16(a). 
For  the  load  levels  considered,  the  columns  were  relatively  stable  as  evi¬ 
denced  by  the  similarity  in  shapes  between  the  first  order  theory  curve 
and  the  end  moment  curves.  The  slenderness  ratio  at  which  long  column 
action  occurred  decreased  as  the  level  of  load  increased. 

The  behavior  after  seven  days  under  sustained  load  is  shown  in 
FIGURE  8.16(b).  The  compression  steel  had  yielded  over  a  portion  of  the 
length  in  all  of  the  columns  at  the  highest  load  level.  This  resulted  in 
large  decreases  in  the  relative  column  stiffness  as  the  slenderness  ratio 
was  increased  and  also  had  a  large  effect  on  the  development  of  long 
column  action.  The  shorter  columns  under  sustained  loads  of  0.50  PULT  and 
0.60  PULT  also  had  experienced  some  yielding  of  the  compression  steel,  but 
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the  tendency  to  become  unstable  had  only  increased  slightly  over  that  ex¬ 
hibited  under  short-time  loading. 

The  behavior  after  nine  months  duration  of  loading  is  shown  in 
FIGURE  8.16(c).  The  compression  steel  had  yielded  in  all  the  columns 
except  D-34.30,  D-40.30,  and  D-40.40,  and  the  effect  of  this  on  the  re¬ 
sults  was  apparent.  The  instability  with  increasing  slenderness  ratio  was 
very  noticeable  at  the  higher  load  levels.  At  the  lower  sustained  load 
levels,  the  columns  with  an  intermediate  value  of  slenderness  ratio  ex¬ 
hibited  the  most  unstable  behavior.  This  was  the  result  of  the  fact  that 
the  short-time  load  capacity  and  thus  the  magnitude  of  the  sustained  load 
at  each  load  level  were  higher  for  the  short  and  intermediate  length  columns 
than  for  the  long  columns . 

The  behavior  after  25  years  under  sustained  load  is  shown  in 
FIGURE  D. 16(d).  All  of  the  compression  steel  had  yielded  by  this  time. 

The  behavior  was  similar,  only  amplified,  to  that  exhibited  after  nine 
months  under  sustained  load. 

FIGURE  8.17  shows  the  variation  in  column  moments  with  time  under 
the  various  levels  of  sustained  load  for  the  columns  with  slenderness 
ratios  of  16,  28,  and  40.  The  effect  of  the  yielding  of  the  compression 
steel  on  the  column  stiffness  is  quite  apparent  in  these  figures.  The  rate 
of  change  of  the  maximum  moment  and  the  end  moment  changed  when  the  com¬ 
pression  steel  had  yielded. 

FIGURE  8.18  shows  the  effect  of  slenderness  ratio,  level  of  sus¬ 
tained  load,  and  duration  of  loading  on  the  carry-over  factors  of  the 
columns  bent  in  double  curvature.  Under  short-time  loading,  the  shorter 
columns  exhibited  very  little  unstable  or  non-linear  behavior  and  the 
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carry-over  factors  were  very  close  to  the  first  order  value  of  -0.5.  With 
an  increase  in  the  slenderness  ratio  and/or  an  increase  in  the  level  of 
load,  the  columns  became  more  unstable  and  the  carry-over  factors  decreased 
(became  more  negative).  After  the  load  had  been  sustained  for  seven  days, 
the  effect  of  instability  on  the  carry-over  factors  became  very  apparent 
at  high  levels  of  load  where  the  compression  steel  had  yielded.  This  trend 
continued  with  longer  durations  of  loading.  After  long  durations  of  load¬ 
ing,  the  carry-over  factors  under  a  sustained  load  of  0.50  PULT  reached  a 
minimum  at  the  intermediate  slenderness  ratio  of  28  and  then  increased  for 
larger  slenderness  ratios.  This  behavior  was  again  due  to  the  higher  magni¬ 
tude  of  sustained  load  for  intermediate  slenderness  ratios  than  for  large 
slenderness  ratios. 

Although  the  large  carry-over  factors,  which  occurred  when  the 
columns  became  unstable,  appear  to  indicate  large  magnitudes  for  the  fixed 
end  moment,  in  actual  fact,  the  major  reason  for  the  large  carry-over 
factors  was  the  decrease  in  the  column  end  moment  or  relative  stiffness. 

The  fixed  end  moment  achieved  a  magnitude  slightly  less  than  the  maximum 
moment  at  the  most  critical  points. 

The  fixed  end  restraint  in  the  model  frame  is  an  approximation 
of  the  restraint  given  by  a  very  stiff  beam  or  by  a  footing  in  an  actual 
frame.  In  an  actual  frame  this  type  of  restraint  would  not  completely 
restrict  the  rotation  of  the  joint  and  as  a  result,  the  assumption  of  a 
completely  fixed  end  will  probably  result  in  an  overest imation  of  the 
carry-over  factors  and  also  the  column  capacity. 
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8 . 4  Maximum  Column  Deflections 

8.4.1  Maximum  Deflections  of  the  Columns  Bent  in  Single  Curvature 

FIGURE  8.19  shows  the  maximum  or  mid-height  deflections  of  the 
columns  bent  in  single  curvature.  These  curves  show  the  effect  of  the 
level  of  sustained  load,  the  slenderness  ratio,  and  the  duration  of  load¬ 
ing  on  the  maximum  deflections. 

The  behavior  under  short-time  loading  is  illustrated  in  FIGURE 
8.19(a).  For  the  levels  of  load  considered,  the  deflections  increased 
with  an  increase  in  either  the  slenderness  ratio  or  the  level  of  load. 

For  the  low  levels  of  load,  the  relationship  between  the  maximum  deflection 
and  the  slenderness  ratio  was  almost  linear.  This  was  due  to  the  stability 
of  the  columns  at  these  levels  of  load. 

The  behavior  after  a  duration  of  sustained  load  of  seven  days 
is  shown  in  FIGURE  8.19(b).  The  columns  were  still  relatively  stable  ex¬ 
cept  at  the  highest  load  level  (0.70  PULT)  where  the  compression  steel  had 
yielded  and  the  resulting  "softer"  columns  rapidly  became  unstable  with 
increasing  slenderness  ratio. 

FIGURES  8.1.9(c)  and  (d)  show  the  behavior  after  nine  months  and 
25  years  under  sustained  load.  After  nine  months  duration  of  loading,  the 
compression  steel  had  yielded  in  all  of  the  columns  at  the  two  higher  load 
levels  and  had  yielded  in  only  the  shorter  columns  at  the  lower  load  levels. 
At  the  higher  load  levels,  the  deflections  increased  very  rapidly  with 
slenderness  ratio  due  to  the  unstable  behavior  of  the  columns  once  the 
compression  steel  had  yielded.  After  a  duration  of  loading  of  25  years, 
all  the  compression  steel  had  yielded  and  as  a  result,  unstable  behavior 


was  exhibited  at  all  load  levels  as  the  slenderness  ratio  increased. 


. 


Centre-Line  Deflection  (in) 


Slenderness  Ratio  (L/t) 

FIGURE  8.19 

EFFECT  OF  SUSTAINED  LOAD  ON  THE  MAXIMUM 
DEFLECTION  OF  THE  COLUMNS  BENT  IN  SINGLE  CURVATURE 
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Maximum  Deflection  (in) 
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FIGURE  8.20 


EFFECT  OF  SUSTAINED  LOAD  ON  T HE  MAXIMUM  DEFLECTIONS 
OF  THE  COLUMNS  BENT  IN  DOUBLE  CURVATURE 
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8.4.2  Maximum  Deflections  of  the  Columns  Bent  in  Double  Curvature 

FIGURE  8.20  shows  the  maximum  deflections  of  the  columns  bent 
in  double  curvature.  These  curves  show  the  effect  of  the  parameters  of 
level  of  sustained  load,  slenderness  ratio,  and  duration  of  sustained  load 
on  the  maximum  column  deflections. 

The  development  of  the  maximum  deflections  in  the  columns  bent 
in  double  curvature  was  similar  to  the  development  in  the  columns  bent 
in  single  curvature  except  that  the  double  curvature  deflections  were 
smaller  because  of  the  greater  restraint  offered  to  the  columns. 

The  position  of  maximum  deflection  varied  from  approximately 
30  per  cent  to  45  per  cent  of  the  column  length  away  from  the  column  joint 
depending  on  the  degree  of  the  long  column  effect. 

The  fact  that  the  most  critical  combination  of  parameters  occurred 
at  intermediate  values  of  slenderness  ratios  was  also  demonstrated  by  the 
maximum  deflections,  particularly  after  the  longer  durations  of  loading. 

As  pointed  out  previously,  this  primarily  resulted  from  the  high  short- 
time  capacity  of  the  intermediate  length  columns  and  the  fact  that  the 
sustained  loads  were  chosen  as  a  ratio  of  the  short-time  capacity. 

8 . 5  Maximum  Concrete  Stresses 

8.5.1  Maximum  Concrete  Stresses  in  the  Single  Curvature  Columns 

FIGURE  8.21  shows  the  effect  of  sustained  load  on  the  maximum 
concrete  stresses  in  the  single  curvature  columns.  The  variables  considered 
are  slenderness  ratio,  level  of  sustained  load,  and  duration  of  sustained 
load.  For  short-time  loading, as  shown  in  FIGURE  8.21(a),  maximum  concrete 
stresses  decreased  with  decreasing  level  of  load  and  with  increasing  slender- 
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Slenderness  Ratio  (L/t) 


(a)  Short-Time  Loading 


(b)  Sustained  Load  for  7  Days 
FIGURE  8.21 

EFFECT  OF  SUSTAINED  LOAD  ON  THE  MAXIMUM  CONCRETE 
STRESS  IN  THE  COLUMNS  BENT  IN  SINGLE  CURVATURE 


Concrete  Stress  (ksi)  Concrete  Stress  (ksi) 


Slenderness  Ratio  (L/t) 

(c)  Sustained  Load  for  9  Months 


Slenderness  Ratio  (L/t) 


(d)  Sustained  Load  for  25  Years 
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ness  ratio.  The  decrease  in  maximum  stress  with  slenderness  ratio  was  a 
direct  result  of  the  decrease  in  the  magnitude  of  the  load  at  each  level 
of  load  because  of  the  decrease  in  short-time  failure  load  with  increasing 
slenderness  ratio.  Stresses  did  not  increase  substantially  with  increasing 
level  of  load  because  very  little  unstable  behavior  occurred  at  the  levels 
of  load  shown. 

There  are  three  factors  which  influence  the  maximum  concrete 
stress  under  sustained  load.  These  are: 

1.  redistribution  of  stress 

2.  yielding  of  the  compression  steel,  and 

3.  changes  in  maximum  moment. 

Under  sustained  load,  stress  redistributes  from  the  concrete  to  the  steel 
because  of  the  dimensional  instability  of  the  concrete  and  the  dimensional 
stability  of  the  steel.  If  the  changes  in  maximum  moment  are  small  and 
if  the  compression  steel  does  not  yield,  the  maximum  concrete  compression 
stress  will  decrease  with  time.  This  general  behavior  was  exhibited  by  all 
the  columns  at  the  lower  load  levels  after  a  duration  of  sustained  load  of 
seven  days.  At  the  highest  load  level  (0.7  PULT) ,  however,  the  compression 
steel  yielded  during  the  first  seven  days  resulting  in  "softer"  columns 
and  large  increases  in  moment  and  consequently,  large  increases  in  maximum 
concrete  stress  at  the  higher  slenderness  ratios.  At  the  lower  slenderness 
ratios,  yielding  of  the  compression  steel  resulted  in  small  decreases  in 
maximum  moment  because  of  larger  decreases  in  the  relative  stiffness  and 
thus  the  maximum  concrete  stress  was  reduced  even  more. 

The  behavior  after  a  sustained  load  duration  of  nine  months  is 
shown  in  FIGURE  8.21(c).  The  compression  steel  had  yielded  at  the  lower 
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slenderness  ratios,  but  the  effect  of  this  on  maximum  concrete  stress  was 
only  noticeable  at  the  higher  load  levels  where  instability  developed.  At 
the  lower  load  levels,  further  changes  in  maximum  concrete  stress  from 
seven  days  duration  of  loading  were  small  because  changes  in  maximum  moment 
were  small.  At  higher  slenderness  ratios,  the  maximum  concrete  stresses 
continued  to  decrease  with  time  at  the  lower  load  levels  where  compression 
steel  had  not  yet  yielded.  For  these  cases,  the  increases  in  maximum 
moment  were  not  as  influential  on  maximum  concrete  stress  as  was  the  re¬ 
distribution  of  stress  from  concrete  to  steel. 

The  behavior  after  25  years  duration  of  loading  is  shown  in 
FIGURE  8.21(d).  All  the  compression  steel  had  yielded  by  this  time  and, 
as  a  result,  the  majority  of  maximum  concrete  stresses  showed  an  increase 
over  the  values  at  nine  months  because  of  the  increases  which  resulted  in 
the  maximum  moments.  At  the  lowest  level  of  load  (0.3  PULT) ,  the  shorter 
columns  showed  no  significant  change  because  the  maximum  moments  were  not 
materially  affected.  At  the  maximum  value  of  slenderness  ratio  considered, 
the  maximum  concrete  stress  increased  noticeably  because  of  instability. 

8.5.2  Maximum  Concrete  Stresses  in  the  Double  Curvature  Columns 

FIGURE  8.22  shows  the  effect  of  sustained  load  on  the  maximum 
concrete  stress  in  the  columns  bent  in  double  curvature.  The  variables 
considered  are  level  of  sustained  load,  slenderness  ratio,  and  duration 
of  sustained  load. 

The  changes  in  maximum  concrete  stress  in  the  double  curvature 
columns  were  influenced  by  the  same  factors  as  for  the  single  curvature 
columns.  However,  the  increases  in  maximum  stresses  due  to  increasing 
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FIGURE  8.22 

EFFECT  OF  SUSTAINED  LOAD  ON  THE  MAXIMUM  CONCRETE 
STRESS  IN  THE  COLUMNS  BENT  IN  DOUBLE  CURVATURE 
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moment  were  not  as  pronounced  due  to  the  lower  tendency  of  the  double 
curvature  columns  to  become  unstable.  Maximum  concrete  stresses  were 
yet  another  indicator  of  the  more  critical  state  of  loading  at  the  inter¬ 
mediate  slenderness  ratios. 

8 . 6  Maximum  and  Minimum  Steel  Stresses 

8.6.1  Maximum  and  Minimum  Steel  Stresses  in  the  Single  Curvature  Columns 

FIGURE  8.23  shows  the  effect  of  sustained  load  on  the  maximum 
and  minimum  steel  stresses  in  the  columns  bent  in  single  curvature.  The 
maximum  steel  stress  occurred  in  the  compression  steel  at  the  point  of 
maximum  moment  and  the  minimum  stress  occurred  in  the  steel  on  the  other 
face,  also  at  the  point  of  maximum  moment .  The  variables  considered  in 
the  curves  are  the  level  of  sustained  load,  the  slenderness  ratio,  and  the 
duration  of  sustained  load. 

The  steel  stresses  under  short-time  loading  are  shown  in  FIGURE 
8.23(a).  The  behavior  can  be  explained  by  considering  the  combined  effects 
of  load  and  moment  on  the  cross-section  at  the  column  mid-height.  For  the 
load  levels  considered,  both  the  maximum  or  mid -height  moment  and  the  magni¬ 
tude  of  sustained  load  decreased  with  an  increase  in  slenderness  ratio. 
However,  at  the  lower  values  of  slenderness  ratio  considered,  the  decrease 
in  the  magnitude  of  the  loads  with  an  increase  in  slenderness  ratio  was 
small.  As  a  result,  the  maximum  steel  stress  decreased,  but  the  minimum 
steel  stress  increased,  with  increasing  slenderness  ratio  up  to  a  value  of 
L/t  of  approximately  20.  Beyond  this  point,  the  decrease  in  the  magnitudes 
of  the  sustained  loads  was  larger  with  an  increase  in  slenderness  ratio. 

As  a  result,  both  the  maximum  and  minimum  steel  stresses  decreased  with 


Steel  Stress  (ksi)  Steel  Stress  (ksi) 


fy  =  50 


Slenderness  Ratio  (L/t) 

(b)  Sustained  Load  for  7  Days 
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EFFECT  OF  SUSTAINED  LOAD  ON  MAXIMUM  AND  MINIMUM  STEEL 
STRESSES  IN  THE  COLUMNS  BENT  IN  SINGLE  CURVATURE 
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an  increase  in  slenderness  ratio  beyond  about  twenty. 

Under  sustained  loading,  the  principal  factors  which  influenced 
the  steel  stresses  were  the  redistribution  of  stress  from  concrete  to 
steel,  the  magnitude  of  the  sustained  load,  and  the  magnitude  of  the  maxi¬ 
mum  moment.  At  low  values  of  slenderness  ratio,  the  magnitudes  of  sus¬ 
tained  load  at  each  load  level  were  high  and  redistribution  of  stress  from 
concrete  to  steel  was  the  dominant  factor.  Both  the  maximum  and  minimum 
steel  stresses  increased  with  time.  The  rate  of  increase  of  the  maximum 
stresses  was  greater  than  the  rate  of  increase  of  the  minimum  stresses 
because  the  maximum  moment  also  increased  with  time.  At  higher  values  of 
slenderness  ratio,  the  compression  steel  was  slower  in  yielding  because 
of  the  decrease  in  the  magnitude  of  sustained  load  with  increasing  slender¬ 
ness  ratio.  The  steel  stresses  increased  with  time  until  the  compression 
steel  yielded.  When  this  occurred,  the  tendency  of  the  columns  to  become 
unstable  increased  and  the  minimum  steel  stresses  began  to  decrease.  The 
shape  of  the  minimum  steel  stress  curve  at  the  lowest  level  of  load  after 
the  longer  durations  of  loading  reflects  the  larger  effect  of  compression 
steel  on  relative  column  stiffness  at  this  level  than  at  higher  load  levels. 

8.6.2  Maximum  and  Minimum  Steel  Stresses  in  the  Double  Curvature  Columns 

The  effect  of  sustained  load  on  the  minimum  and  maximum  steel 
stresses  in  the  columns  bent  in  double  curvature  is  shown  in  FIGURE  8.24. 

The  variables  considered  are  level  of  sustained  load,  slenderness  ratio 
and  duration  of  sustained  load. 

The  behavior  under  short-time  loading  was  similar  to  that  exhibited 
by  the  single  curvature  columns.  In  the  case  of  the  short  columns,  the 
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(a)  Short-Time  Loading 


(b)  Sustained  Load  for  7  Days 
FIGURE  8.24 

EFFECT  OF  SUSTAINED  LOAD  Oil  THE  MAXIMUM  AND  MINIMUM 
STEEL  STRESSES  IN  THE  COLUMNS  BENT  IN  DOUBLE  CURVATURE 
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magnitude  of  the  load  at  each  level  remained  almost  constant  while  the 
moment  decreased;  both  with  increasing  slenderness  ratio.  As  a  result,  the 
maximum  steel  stresses  decreased  and  the  minimum  steel  stresses  increased. 

At  higher  slenderness  ratios,  the  reverse  was  true;  as  the  slenderness 
ratio  was  increased  the  magnitude  of  load  at  each  level  decreased  and 
the  maximum  moment  remained  almost  constant.  As  a  result,  for  slender 
columns  both  the  maximum  and  minimum  steel  stresses  decreased  with  an 
increase  in  slenderness  ratio. 

Under  sustained  load,  the  behavior  was  also  similar  to  that 
exhibited  by  the  single  curvature  columns.  The  redistribution  of  stress 
from  concrete  to  steel  was  the  dominant  factor  which  led  to  increasing 
steel  stresses  with  duration  of  loading.  The  increases  with  time  for  the 
minimum  stresses  were  greater  for  lower  slenderness  ratios  than  for  higher 
slenderness  ratios  because  maximum  moments  decreased  with  time  for  the 
lower  slenderness  ratios.  This  behavior  was  not  true  at  the  lower  levels 
of  load  where  increases  in  relative  stiffness  of  the  columns  with  time 
produced  increases  in  maximum  moment  with  time  at  least  up  to  nine  months 
duration  of  loading.  At  higher  values  of  slenderness  ratio,  maximum  moments 
increased  with  time  because  of  instability.  This  prevented  the  minimum 
stresses  from  increasing  at  as  fast  a  rate  with  time  as  at  the  lower 
slenderness  ratios. 

8 . 7  Joint  Rotations 

8.7.1  Joint  Rotations  in  the  Single  Curvature  Columns 

The  effect  of  sustained  load  on  the  joint  rotations  of  the  columns 
bent  in  single  curvature  is  shown  in  FIGURE  8.25.  The  variables  considered 
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are  level  of  sustained  load,  slenderness  ratio,  and  duration  of  sustained 
loading. 

The  behavior  under  short-time  loading  is  shown  in  FIGURE  8-25(a). 
The  curves  show  that  end  rotation  increases  at  a  decreasing  rate  with 
slenderness  ratio.  This  behavior  was  due  to  the  decreasing  magnitude  of 
load  at  each  level  with  slenderness  ratio  and  also  to  the  absence  of  in¬ 
stability  at  the  load  levels  considered. 

After  seven  days  of  sustained  loading,  the  joint  rotations  plotted 
in  FIGURE  8.25(b)  show  the  same  trends  as  computed  for  short-time  loading. 
Again  this  behavior  can  be  attributed  to  the  decrease  in  magnitude  of 
sustained  load  at  each  load  level  with  an  increase  in  slenderness  ratio. 

The  increase  in  rotations  with  time  were  greater  for  higher  slenderness 
ratios  and  for  higher  load  levels.  At  low  levels  of  load  and  low  slender¬ 
ness  ratios,  the  compression  steel  had  a  significant  influence  on  column 
stiffness  and  as  a  result,  the  increases  in  end  rotation  with  time  were 
small.  At  higher  levels  of  load  and  low  slenderness  ratios,  the  compression 
steel  had  yielded  and  the  column  stiffness  was  reduced.  This  resulted  in 
larger  increases  in  end  rotation  with  time.  The  stiffness  of  the  very 
slender  columns  was  reduced  at  a  greater  rate  with  time  than  was  the  case 
for  the  shorter  columns  even  though  the  compression  steel  was  slower  in 
yielding  in  the  more  slender  columns.  As  a  result,  the  increases  in  end 
rotation  with  time  were  greater  than  for  the  shorter  columns. 

The  behavior  of  the  restraining  beam  had  a  greater  influence  on 
the  increase  in  end  rotations  with  time  for  the  more  slender  columns  than 
it  did  for  the  shorter  columns.  The  stiffness  of  the  restraining  beam 
decreased  at  a  faster  rate  with  time  for  large  slenderness  ratios  because 
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of  the  larger  percentage  of  the  total  moment  carried  by  the  beam  in  this 
case  and  the  non-linear  response  of  the  beam  to  this  moment. 

FIGURES  8.25(c)  and  (d)  illustrate  the  behavior  after  longer 
loading  periods.  At  lower  values  of  slenderness  ratio,  the  shape  of  the 
curves  was  still  influenced  by  the  decrease  in  the  magnitude  of  sustained 
load  at  each  level  of  load  with  an  increase  in  slenderness  ratio.  For  the 
higher  values  of  slenderness  ratio,  the  rate  of  increase  in  end  rotation 
with  time  was  still  greater  than  at  low  slenderness  ratios  for  low  levels 
of  load;  again  reflecting  the  more  rapid  decrease  in  column  stiffness 
with  time  at  the  higher  slenderness  ratios.  At  the  higher  load  levels, 
the  effect  of  the  reduction  in  column  stiffness  due  to  yielding  of  the 
compression  steel  became  very  noticeable  and  the  end  rotations  increased 
rapidly  with  time. 

8.7.2  Joint  Rotations  in  the  Double  Curvature  Columns 

The  effect  of  sustained  load  on  the  end  rotations  of  the  columns 
bent  in  double  curvature  is  shown  in  FIGURE  8.26.  The  variables  considered 
are  level  of  sustained  load,  slenderness  ratio,  and  duration  of  sustained 
load . 

The  factors  which  influenced  the  behavior  of  the  double  curvature 
columns  were  similar  to  those  which  influenced  the  behavior  of  the  single 
curvature  columns.  The  end  rotations  of  the  double  curvature  columns  were 
generally  smaller  than  those  of  the  single  curvature  columns  because  of 
the  difference  in  the  deflected  shapes  produced  by  the  change  in  the  mode 
of  column  restraint. 


For  the  levels  of  load  considered,  the  end  rotations  were  higher 


Joint  Rotation  (Radians  x  10 


156 


25,0 

20,0 

15.0 

10  .0 

5.0 

0 

30.0 

25.0 

20.0 

15.0 

10.0 

5.0 

0 


J  I  I  L 


J  I  I 


8 


12 


16  20 

/ 


/ 


/  24  28  32 


J  I  L 


8  12  16  20  24  28 

Slenderness  Ratio  (L/t) 


36  40 


J  I  I  I  I  1 


32  36 


40 


FIGURE  8.26 

EFFECT  OF  SUSTAINED  LOAD  ON  THE  JOINT  ROTATION 
OF  THE  COLUMNS  BENT  IN  DOUBLE  CURVATURE 


- 


■ 


157 


at  intermediate  values  of  slenderness  ratio  than  at  the  larger  values  of 
slenderness  ratio,  particularly  after  the  longer  periods  under  sustained 
load.  Again,  this  behavior  was  due  to  the  magnitude  of  sustained  load 
being  assessed  as  a  fraction  of  the  short-time  failure  load. 

8 . 8  Failure  Loads 

FIGURES  8.27  and  8.28  show  the  failure  loads  obtained  for  the 
frames  containing  the  columns  bent  in  single  curvature  and  the  frames  con¬ 
taining  the  columns  bent  in  double  curvature.  The  failure  loads  have 
been  reported  as  failure  loads  for  frames  rather  than  as  failure  loads 

i. 

for  columns  because  in  actual  fact,  it  was  the  frame  that  failed  through 
failure  in  the  column. 

The  figures  are  bounded  on  the  top  by  a  curve  showing  the  failure 
loads  under  short-time  loading  and  on  the  bottom  by  a  curve  showing  the 
loads,  which  when  sustained,  produced  failure  at  a  hypothetical  time  of 
25  years.  The  set  of  solid  failure  curves  which  cross  the  enclosed  region 
were  obtained  by  analytically  subjecting  the  columns  to  sustained  loads 
equal  to  various  percentages  of  the  short-time  failure  loads  for  a  period 
of  25  years  and  then  quick  loading  the  columns  to  failure.  Also  shown  in 
these  figures  are  two  dashed  curves  which  represent  the  loads  causing 
failure  under  sustained  load  after  hypothetical  durations  of  loading  of 
seven  days  and  nine  months.  These  two  curves  are  only  approximations  because 
the  duration  of  loading  was  not  a  continuous  variable  in  the  analysis. 

8.8.1  Failure  of  the  Single  Curvature  Columns 

FIGURE  8.27  shows  the  failure  loads  obtained  by  analysis  for 
the  frames  containing  columns  bent  in  single  curvature.  The  significant 
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factors  affecting  the  failure  loads  were: 

1.  the  level  of  sustained  load 

2.  the  duration  of  loading 

3.  the  slenderness  ratio  of  the  columns 

4.  the  response  of  the  restraining  beam  to  changes  in  the  relative 

stiffness  of  the  columns,  and 

5.  the  effect  of  the  compression  steel  in  the  column  . 

The  failure  loads  under  short-time  loading  were  influenced  by 
changes  in  the  stiffnesses  of  both  the  beam  and  the  column.  The  shorter 
columns  were  stable  up  to  the  time  of  failure.  The  variation  in  strength 
with  increasing  slenderness  ratio  in  this  range  was  small  because  of  the 
reduction  in  column  stiffness  and  moment  which  resulted  from  an  increase 
in  slenderness  ratio.  For  the  more  slender  columns,  instability  occurred, 
and  the  failure  load-slenderness  ratio  curve  assumes  a  shape  similar  to 
that  of  the  Euler  buckling  curve.  The  position  of  the  curve,  however, 
differs  from  that  of  the  Euler  curve  because  of  the  action  of  the  restrain¬ 
ing  beams  and  because  concrete  does  not  exhibit  a  linearly  elastic  stress- 
strain  behavior . 

The  presence  of  a  restraining  beam  causes  a  reduction  in  the 
effective  length  of  a  column  and  thus  increases  the  column  failure  load. 

For  a  constant  restraint,  as  considered  in  this  thesis,  the  percentage 
increase  in  failure  load  above  that  of  an  unrestrained  column,  should  in¬ 
crease  with  slenderness  ratio  because  the  effective  length  factor  for  the 
restrained  column  decreases  with  an  increase  in  slenderness  ratio. 

The  effect  of  the  non-linear  stress -strain  behavior  of  concrete 


is  to  reduce  both  the  column  and  the  beam  stiffnesses  from  the  values  pre- 
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dieted  from  linearly  elastic  theory.  The  decrease  in  the  column  stiffness 
will  affect  the  failure  loads  in  two  ways.  First  of  all,  a  decrease  in 
the  stiffness  of  an  isolated  column  causes  a  direct  decrease  in  the  failure 
load  according  to  stability  theory.  However,  when  the  column  is  restrained, 
a  reduction  in  the  stiffness  of  the  column  relative  to  the  beam  causes  a 
decrease  in  the  effective  length  of  the  column  and  thus  an  increase  in  the 
failure  load.  Neither  of  these  effects  were  significant  for  the  columns 
which  exhibited  an  unstable  behavior  under  short-time  loading  because  the 
concrete  response  was  almost  linear  when  the  columns  became  unstable.  The 
decrease  in  the  beam  stiffness  with  increasing  slenderness  ratio  had  a 
significant  effect  on  the  failure  load  in  that  it  caused  a  reduction  in 
the  failure  loads  through  an  increase  in  the  effective  length  of  the 
co lumns . 

The  effect  of  the  sustained  load  was  to  reduce  the  stiffnesses 
of  both  the  beams  and  the  columns.  Subsequent  applications  of  quick  load 
to  the  columns  resulted  in  rapidly  decreasing  column  stiffnesses  because 
of  the  larger  deflections  produced  by  sustained  load  and  because  the 
compression  steel  was  generally  no  longer  effective  in  resisting  the  in¬ 
creasing  load.  For  any  value  of  slenderness  ratio,  the  decrease  in  beam 
stiffness  with  increasing  load  was  also  greater  than  under  short-time 
loading  because  the  rate  of  transfer  of  the  undistributed  moment  to  the 
beam  had  increased.  As  a  result  of  this  combination  of  factors,  the 
failure  loads  under  quick  loading  after  a  period  of  sustained  loading  were 
lower  than  the  values  under  short-time  loading  only.  The  reduction  in 
the  failure  loads  increased  as  the  level  of  sustained  load  was  increased. 

The  effect  of  the  compression  steel  was  to  retard  the  loss  in  column  stiff- 
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ness  with  time  and  thus  increase  the  failure  load  for  any  particular  column. 
The  failures  which  occurred  during  the  sustained  load  period  were  instability 
failures.  This  is  evidenced  by  the  similarity  in  shape  between  the  failure 
curves  and  an  Euler  curve  and  by  the  computed  deformations. 

8.8.2  Failure  of  the  Double  Curvature  Columns 

FIGURE  8.28  shows  the  failure  loads  obtained  by  analysis  for  the 
frames  containing  the  columns  bent  in  double  curvature.  The  factors  which 
affected  these  failure  loads  were  similar  to  the  factors  which  affected  the 
failure  loads  of  the  frames  containing  the  columns  bent  in  single  curvature. 

The  failure  loads  under  short-time  loading  show  that  the  frames 
remained  relatively  stable  up  to  high  values  of  slenderness  ratio.  Very 
little  long  column  action  was  exhibited  up  to  a  slenderness  ratio  of 
approximately  22,  and  as  a  result,  the  failure  loads  were  increased  with 
an  increase  in  slenderness  ratio  in  this  region  through  decreases  in 
the  relative  stiffnesses  of  the  columns.  At  intermediate  values  of  slender¬ 
ness  ratio,  the  long  column  effect  became  more  apparent  and  the  relative 
stiffness  of  the  column  decreased  at  a  greater  rate  with  increasing  slender¬ 
ness  ratio.  The  increase  in  the  amount  of  redistribution  of  moment  with 
an  increase  in  slenderness  ratio  also  caused  the  beam  stiffness  to  decrease 
with  slenderness  ratio.  The  combined  effect  of  column  instability  and 
decreasing  beam  stiffness  produced  a  rapid  decrease  in  the  failure  load 
with  increasing  slenderness  ratio  at  the  high  values  of  slenderness  ratio. 

The  effect  of  sustained  load  on  failure  was  less  pronounced  for 
the  columns  bent  in  double  curvature  than  for  the  columns  bent  in  single 
curvature.  Under  the  quick  loading  which  followed  the  sustained  load,  the 
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columns  showed  a  stable  failure  up  to  intermediate  values  of  slenderness 
ratio.  As  the  level  of  sustained  load  increased,  the  value  of  slender¬ 
ness  ratio  beyond  which  instability  failures  occurred,  decreased. 

The  curves  which  show  the  failures  under  sustained  loading  indi¬ 
cate  through  their  shape  that  these  failures  were  of  an  unstable  nature. 
This  was  also  borne  out  by  the  computed  deformations.  The  effect  of  in¬ 
creasing  length  on  failure  load,  for  sustained  loads,  was  not  as  pronounced 
as  with  the  single  curvature  columns  nor  was  it  as  pronounced  as  for  short- 
time  loading.  The  reason  for  this  behavior  was  that  the  stiffness  of  the' 
fixed  end  restraint  did  not  decrease  under  sustained  load  or  with  the 
amount  of  moment  which  it  had  to  carry.  Therefore,  any  factor  which  tend¬ 
ed  to  decrease  the  stiffness  of  the  column  or  of  the  restraining  beam  was 
not  as  efficient  in  reducing  the  strength  of  the  frame  because  of  the  re¬ 
distribution  of  moment  to  the  fixed  end  restraint.  In  other  words,  the 
potential  decrease  in  strength  with  an  increase  in  slenderness  ratio  or 
with  the  sustaining  of  load  was  reduced  by  the  action  of  the  fixed  end 
restraint.  Because  of  this  effect,  the  ratio  of  the  failure  load  after 
25  years  of  sustained  loading  to  the  short-time  failure  load  reached  a 
minimum  value  at  an  intermediate  value  of  slenderness  ratio.  As  this  ratio 
was  the  basis  of  choosing  the  sustained  load  at  each  load  level,  the  frames 
with  an  intermediate  value  of  slenderness  ratio  exhibited  the  most  critical 


behavior . 


CHAPTER  IX 


DISCUSSION  OF  THE  ANALYSIS  AND  ITS 
APPLICATION  TO  LONG  COLUMNS  IN  FRAMEWORKS 

9 . 1  Introduction 

A  resume  of  the  effects  of  the  variables  considered  in  the  in¬ 
vestigation  of  restrained  reinforced  concrete  long  columns  is  given  in 
this  chapter.  This  discussion  is  limited  to  the  range  of  behavior  in¬ 
vestigated  in  this  thesis.  In  other  words,  it  is  limited  to  tied  columns 
with  small  but  practical  eccentricity  ratios,  e/t. 

The  failure  loads  obtained  by  analysis  are  compared  to  the 
failure  loads  predicted  by  various  methods  of  design.  A  discussion  is 
included  of  the  applicability  of  the  design  methods  to  columns  under  sus¬ 
tained  load. 

The  limitations  of  the  method  of  analysis  are  also  discussed, 
and  the  final  section  gives  a  discussion  of  other  methods  of  analysis  pre¬ 
sently  in  use. 

9 . 2  Resume  of  the  Present  Investigations 

The  range  of  this  investigation  was  limited  to  only  a  small 
number  of  practical  cases.  The  columns  were  laterally  restrained  in  all 
cases  with  the  modes  of  column  restraint  considered  being: 

1.  symmetrical  single  curvature  bending,  and; 

2.  double  curvature  bending  with  one  end  of  the  column  fixed. 
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Other  constants  of  the  investigation  included  the  properties  of  the  re¬ 
straining  beam,  the  cross-section  properties  of  the  column,  and  the  un¬ 
distributed  moment  at  the  joint.  The  nominal  e/t.  values  considered  were 
small  and  decreased  with  length  from  0.0749  (L/t  =  10)  in  the  single  curva¬ 
ture  columns  and  from  e/t  =  0.103  (L/t  =  10)  in  the  double  curvature  columns. 

A  general  discussion  of  the  results  pertaining  to  the  variables 
considered  is  included  in  the  following  sections. 

9.2.1  Effect  of  Sustained  Load 

Sustained  load  produced  significant  decreases  in  both  column 
stiffness  and  beam  stiffness.  The  net  result  was  usually  a  decrease  in  the 
relative  stiffness  of  the  column  except  at  low  levels  of  sustained  load 
where  the  compression  steel  retarded  the  decrease  in  column  stiffness  with 
time  to  the  extent  that  the  relative  stiffness  of  the  column  was  increased. 

The  column  stiffness  decreased  at  a  faster  rate  with  increasing 
axial  load  in  the  subsequent  loading  to  failure  of  a  column  subjected  to 
sustained  load  than  it  did  under  short-time  loading  only.  This  behavior 
occurred  because  the  sustained  load  increased  the  column  deflections  and 
because  the  compression  steel  yielded  under  sustained  load  through  redis¬ 
tribution  of  stress. 

Sustained  load  caused  a  marked  increase  in  the  tendency  of  the 
columns  to  become  unstable.  This  behavior  resulted  in  substantial  decreases 
in  the  failure  loads  of  the  more  slender  columns  from  the  corresponding 
values  under  short-time  loading.  For  shorter  columns,  where  instability 
is  not  a  problem,  the  failure  loads  under  sustained  loading  may  actually 
be  increased  from  the  corresponding  values  under  short-time  loading  because 
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of  reductions  in  relative  column  stiffness  due  to  sustained  loads. 

Changes  in  the  level  of  sustained  load  were  also  influential 
in  producing  changes  in  both  deformations  and  failure  loads  either  during 
or  after  the  period  of  sustained  load.  In  general,  as  the  level  of  sustained 
load  was  increased,  the  deflections  increased  and  the  failure  loads  de¬ 
er  eased . 

9.2.2  Effect  of  the  Restraints 

The  action  of  the  restraints  in  all  cases  was  to  increase  the 
failure  loads  over  those  which  would  be  obtained  by  removing  the  column 
from  the  structure.  In  the  region  near  failure,  whether  under  sustained 
load  or  under  increasing  axial  load,  the  net  redistribution  of  moment  was 
from  the  column  to  the  beam  because  of  the  decreasing  relative  stiffness 
of  the  column  at  high  loads.  This  redistribution  of  moment,  which  increases 
the  column  safety,  cannot  be  considered  if  restraints  are  not  considered. 

The  behavior  of  the  restraining  beam  under  the  changes  in  moment 
resulting  from  redistribution  was  also  a  factor  in  determining  the  behavior 
of  the  columns.  If  the  columns  were  relatively  stiff,  the  amount  of  the 
redistribution  was  small  and  the  response  of  the  restraining  beam  was 
approximately  linearly  elastic.  If  the  amount  of  redistribution  required 
was  large,  the  response  of  the  beam  was  no  longer  linear.  The  stiffness 
of  the  beam  decreased  and  as  a  result,  moment  was  redistributed  back  to 
the  column  with  a  resultant  reduction  in  the  column  failure  load.  This 
form  of  behavior  in  the  resraining  beam  became  more  important  as  the 
slenderness  ratio  of  the  column  was  increased,  because  of  the  increased 
sensitivity  of  the  column. 
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The  fixed  end  restraint  had  a  considerable  effect  on  the  behavior 
of  the  columns.  The  major  contribution  was  a  decrease  in  the  sensitivity 
of  the  column  to  load  through  the  introduction  of  a  point  of  inflection 
into  the  deflected  shape.  The  increased  column  stiffness  resulted  in 
decreased  deformations  and  increased  failure  loads  compared  to  the  corres¬ 
ponding  single  curvature  columns.  For  the  shorter  columns,  the  increase 
in  strength  was  due  to  the  fact  that  increases  in  deflection  caused  de¬ 
creases  in  column  stiffness  without  significantly  contributing  to  an  in¬ 
crease  in  maximum  moment.  For  the  longer  columns,  the  increase  in  strength 
was  due  to  a  decrease  in  the  unstable  behavior  through  a  decrease  in  the 
effective  length  of  the  column. 

A  minor  contribution  of  the  fixed  end  restraint  to  the  behavior 
of  the  columns  resulted  from  the  fact  that  the  stiffness  of  this  restraint 
did  not  change  with  an  increase  in  the  amount  of  moment  redistributed  to 
it.  As  a  result,  the  fixed  end  was  more  important  in  reducing  column 
failure  as  the  stiffness  of  the  restraining  beam  decreased. 

9.2.3  Effect  of  Slenderness  Ratio 

The  major  contribution  of  the  increase  in  the  slenderness  ratio 
of  the  column  to  the  column  behavior  resulted  from  the  decrease  in  column 
stiffness  and  the  increase  in  long  column  action  which  accompanied  the 
increase  in  slenderness  ratio.  The  presence  of  a  sustained  load  amplified 
the  behavior  from  that  produced  under  short-time  loading. 

The  increase  in  the  amount  of  unbalanced  moment  carried  by  the 
beam  also  increased  as  the  slenderness  ratio  of  the  columns  was  increased. 
As  a  result,  the  stiffness  of  the  beam  also  decreased  as  the  slenderness 
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ratio  of  the  column  increased.  This  behavior  added  to  the  increase  in 
the  sensitivity  of  the  columns  which  resulted  from  an  increase  in  the 
slenderness  ratio. 

9 . 3  Applicability  of  Long  Column  Design  Formulae  to  Columns  Subjected 

to  Sustained  Load 

FIGURES  9.1  and  9.2  compare  the  column  strengths  obtained  by 
analysis  with  the  strengths  predicted  by  the  ACI  Building  Code  ^ ^ ,  the 
1965  National  Building  Code  of  Canada  (^.6),  ancj  Recommendations  of  the 
CEB  (H)  .  The  basis  of  comparison  for  the  curves  has  been  taken  as  the 
condition  which  would  exist  if  the  columns  were  subjected  to  sustained 
loads  for  a  period  of  25  years  and  then  quick  loaded  to  failure.  The  sus¬ 
tained  loads  were  taken  as  various  percentages  of  the  failure  strengths 
recommended  by  the  codes.  The  percentages  used  were  chosen  to  simulate 
the  nominal  column  load  factors  3.0,  2.5,  2.0,  1.5,  and  1.0.  The  analysis 
strengths  under  these  assumed  loading  conditions  were  obtained  by  linear 
interpolation  of  the  curves  of  FIGURE  8.27  and  8.28. 

9.3.1  Comparison  for  the  Single  Curvature  Columns 
1 .  ACI  Building  Code 

FIGURE  9.1(a)  shows  the  comparison  between  the  analysis  strengths 
and  the  strengths  predicted  by  the  ACI  Building  Code,  ACI  318-63  for 

the  columns  bent  in  single  curvature.  The  curves  show  that  the  factor 
of  safety  predicted  by  the  analysis  is  much  higher  than  the  nominal  factor 
of  safety  in  all  cases,  particularly  for  very  slender  columns.  In  this 
particular  comparison  much  of  the  extra  margin  of  safety  resulted  from 
the  fact  that  the  ACI  318-63  long  column  reduction  formula  does  not  take 
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Slenderness  Ratio  (L/t) 

(b)  National  Building  Code  (1965) 
FIGURE  9.1 


COMPARISON  OF  ACTUAL  FAILURE  LOADS  WITH  PREDICTED 
FAILURE  LOADS  AFTER  25  YEARS  UNDER  SUSTAINED  LOAD 
FOR  THE  SINGLE  CURVATURE  COLUMNS 
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(c)  CEB  Recommendations 
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FIGURE  9.2 

COMPARISON  OF  ACTUAL  FAILURE  LOADS  WITH  PREDICTED 
FAILURE  LOADS  AFTER  25  YEARS  UNDER  SUSTAINED  LOAD 
FOR  THE  DOUBLE  CURVATURE  COLUMNS 
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into  account  the  influence  of  the  restraining  beams. 

2 .  National  Building  Code  of  Canada  (1965) 

FIGURE  9.1(b)  shows  the  comparison  between  the  analytical 
strengths  and  the  strengths  predicted  by  the  1965  National  Building  Code  of 


Canada  (26)for  the  columns  bent  in  single  curvature.  For  these  particular 


examples,  the  National  Building  Code  gives  a  more  realistic  prediction  of 


failure  strength  after  a  period  of  sustained  load  of  25  years  than  does 


the  ACI  Code.  The  more  realistic  prediction  is  due  to  the  inclusion  of 
effective  length  factors  into  the  long  column  formula.  However,  by  basing 
the  effective  length  factors  on  a  linear  elastic  analysis,  the  changes  in 
failure  loads  due  to  non-linear  behavior  are  not  accounted  for.  This  re¬ 
sulted  in  an  underestimation  of  failure  loads  for  the  lower  values  of 
slenderness  ratio  considered  because  of  non-linear  behavior  in  the  column, 
and  an  over estimation  of  failure  loads  for  the  more  slender  columns  because 
of  non-linear  behavior  in  the  beam. 

3.  Recommendations  of  the  European  Concrete  Committee 

FIGURE  9.1(c)  shows  the  comparison  between  the  analytical  strengths 
and  the  strengths  predicted  using  the  recommendations  of  the  European 
Concrete  Committee  (CEB)  ^^for  the  columns  bent  in  single  curvature. 

Because  the  CEB  Recommendations  do  not  specifically  outline 
design  procedures,  the  manner  of  interpretation  of  the  procedures  is  out¬ 
lined  below. 

(a)  The  complementary  moment  to  be  added  to  the  first  order  moment 
was  computed  from  the  formula. 
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where  Mc  =  complementary  moment 

PULT  =  ultimate  failure  load 

tc  =  depth  of  column 

eQ  =  column  end  eccentricity  at  failure 

kLc  =  effective  length  of  column 

r  =  radius  of  gyration  of  the  column  cross-section 
V  =  creep  coefficient 

€  =  ratio  of  sustained  load  to  ultimate  load 

(b)  The  recommended  value  of  V  =  1/3  was  used. 

(c)  The  cross-section  interaction  diagram  formulaeused  were  from 

ACI-318-63  . 

(d)  The  column  effective  length  factors,  k  ,  were  taken  from  the 
nomographs  based  on  linear  elastic  theory  included  in  the 
National  Building  Code  (1965)  ^26) .  The  comments  in  the  CEB 
Recommendations  include  the  column  effective  length  factors  in 
the  parameter  p  .  The  (p  values  recommended  by  the  CEB 
correspond  to  k  =  0.87  for  symmetrical  single  curvature 
columns  and  k  =  0.69  for  double  curvature  columns  fixed  at 
the  far  end  (for  columns  in  multistory  frames)  .  By  using  the 
NBC  nomographs,  k  varied  from  0.80  to  0.63  for  the  single 
curvature  columns  and  from  0.63  to  0.56  for  the  double  curva¬ 
ture  columns. 

(e)  No  maximum  or  minimum  limits  of  kLc/r  were  used. 

The  addition  of  a  complementary  moment  to  the  moment  of  the  first 
order  analysis,  as  recommended  by  the  CEB,  is  a  more  realistic  approach  to 
the  failure  of  a  long  column  than  that  afforded  by  the  ACI  Code  or  the 
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National  Building  Code.  However,  the  comparison  does  not  appear  to  be 
much  better  for  the  columns  of  the  investigation  than  that  given  by  the 
National  Building  Code. 

The  use  of  elastically  derived  effective  lengths  in  assessing 
the  effect  of  the  restraints  has  had  the  same  effect  on  this  comparison 
as  it  had  on  the  comparison  with  the  National  Building  Code  requirements. 

The  recommended  value  of  the  creep  factor,  1^7  ,  of  1/3  does  not  give  an 

adequate  account  of  the  effect  of  sustained  loading  on  the  columns  of  the 
investigation.  A  larger  value  of  *q7  and  a  consideration  of  non-linear 
concrete  behavior  would  probably  give  a  more  realistic  comparison. 

9.3.2  Comparison  for  the  Double  Curvature  Columns 

1 .  ACT.  Building  Code 

FIGURE  9.2(a)  shows  the  comparison  between  the  analysis  strengths 
and  the  strengths  predicted  by  ACI  Building  Code,  ACI  318-63  for  the 
columns  bent  in  double  curvature.  For  a  nominal  factor  of  safety  of  greater 
than  1.5,  the  use  of  the  long  column  formula  of  ACI  318-63  leads  to  pre¬ 
dicted  strengths  which  are  on  the  safe  side.  For  a  nominal  factor  of 
safety  of  less  than  1.5,  the  ACI  reduction  formula  overestimates  the  failure 
strengths  for  the  intermediate  values  of  slenderness  ratio  considered. 

2.  National  Building  Code  of  Canada  (1965) 

FIGURE  9.2(b)  shows  the  comparison  between  the  analysis  strengths 
and  the  strengths  predicted  by  the  National  Building  Code  for  the  columns 
bent  in  double  curvature.  As  was  the  case  with  the  single  curvature 
columns,  the  use  of  a  linear  elastic  theory  in  predicting  the  column 
effective  length  factors  leads  to  an  underestimation  of  the  strengths  for 
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the  shorter  columns  where  non-linear  behavior  occurred  in  the  columns,  and 
an  over estimat ion  of  the  strengths  for  the  more  slender  columns  where  non¬ 
linear  behavior  occurred  in  the  beam.  However,  the  effect  of  using  the 
linear  elastic  effective  length  factors  is  not  as  pronounced  with  the 
double  curvature  columns  because  the  fixed  end  restraint  reduced  the  amount 
of  non-linear  behavior  in  both  the  beam  and  the  column. 

3 .  Recommendations  of  the  European  Concrete  Committee 

FIGURE  9.2(c)  shows  the  comparison  between  the  analysis  strengths 
and  the  strengths  predicted  using  the  CEB  Recommendations  for  the  double 
curvature  columns.  The  interpretation  of  the  recommendations  has  been 
described  in  SECTION  9.3.1. 

The  use  of  linear  elastic  theory  in  predicting  the  effective 
lengths  had  the  same  effect  on  the  double  curvature  column  failure  loads 
as  it  had  in  the  comparison  of  single  curvature  column  failure  loads.  The 
recommended  value  of  1} J  =  1/3  to  account  for  creep  was  again  insufficient 
in  assessing  the  effect  of  sustained  load. 

9.3.3  Moment  Magnification  Design  Procedure 

Another  method  of  design  has  been  proposed  by  Spang  .  It 

is  based  on  an  evaluation  of  the  magnified  moment  in  a  long  column  using 
linear  elastic  theory.  Spang' s  investigation  shows  a  good  correlation 
between  the  results  using  this  method  and  the  strength  predictions  ob¬ 
tained  using  Pfrang's  ( 3-+)  method  of  analysis.  Pfrang's  analysis  in  this 
case  considers  a  non-linearly  elastic  concrete  column  with  linearly  elastic 
end  restraints  and  short-time  loading  only. 

Comparison  curves  have  not  been  drawn  using  this  proposed  method 
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of  design  because  the  predicted  design  strengths  were  unconservative 
for  the  columns  in  this  investigation,  even  for  low  levels  of  sustained 
load.  In  addition,  the  predicted  column  strengths  were  unconservative 
for  the  more  slender  columns  under  short-time  loading  because  of  the  de¬ 
parture  of  the  restraining  beam  from  a  linear  behavior . 

9.3.4  Discussion  of  the  Design  Procedures 

The  results  of  the  comparisons  indicate  that  none  of  the  design 
methods  give  adequate  results  for  the  columns  investigated.  The  magnified 
moment  method  has  perhaps  the  best  basis  of  derivation  because  of  its 
simulation  of  actual  behavior,  and  it  may  be  useful  in  predicting  the  effect 
of  sustained  loading  on  column  capacity.  However,  the  value  of  the  magni¬ 
fied  moment  would  have  to  be  assessed  considering  the  level  of  sustained 
load  and  perhaps  non-linear  behavior  in  both  the  beam  and  the  column. 

9 . 4  Limitations  of  the  Method  of  Analysis 

The  application  of  the  method  of  analysis  proposed  in  this  thesis 
may  be  limited  or  affected  by  the  following  factors: 

1.  insufficient  verification  because  of  a  lack  of  experimental 
evidence, 

2.  evaluation  of  concrete  properties, 

3.  insufficient  number  of  boundary  conditions  relating  the  de¬ 
formations  to  the  applied  loads, 

4.  limitations  of  the  computer 

3.  calculation  of  creep  under  variable  stress, 

6.  errors  induced  in  the  closure  of  the  trial  and  error  procedures. 

Each  factor  is  discussed  separately  in  the  following  sections. 
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9.4.1  Verification  of  the  Method  of  Analysis 

The  results  of  this  analysis  were  compared  to  the  experimental 
results  of  other  investigators  in  CHAPTER  VI.  Although  the  comparisons 
were  favorable  and  supported  the  applicability  of  the  method  of  analysis, 
the  amount  of  experimental  evidence  available  was  limited,  particularly 
with  regard  to  slender  columns  in  frames  subjected  to  sustained  load.  Thus 
further  experimental  data  is  desirable  to  check  the  analysis  over  a  broad 
range  of  variables.  While  the  absence  of  test  data  should  not  seriously 
affect  a  qualitative  study  of  behavior,  it  may  affect  a  quantitative  appli¬ 
cation  of  the  results  to  design  procedures. 

9.4.2  Evaluation  of  Concrete  Properties 

An  attempt  has  been  made  in  this  thesis  to  define  the  concrete 
properties  for  any  set  of  conditions  using  as  a  basis  the  properties  ex¬ 
hibited  under  a  known  set  of  conditions.  This  form  of  property  evaluation 
is  limited  by  a  lack  of  information  in  the  following  major  areas. 

1.  The  effect  of  varying  atmospheric  conditions  on  creep-stress¬ 
time  behavior. 

2.  The  effect  of  the  level  of  sustained  load  on  the  concrete 
strength  at  any  time. 

3.  The  correlation  between  the  cylinder  strength  and  the  structural 
concrete  strength  (k3  factor) . 

It  should  be  noted  that  the  method  of  analysis  developed  in  this 
thesis  can  be  applied  using  other  concrete  properties. 
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9.4.3  Relationship  Between  Deformations  and  Applied  Loads 

The  method  of  analysis  is  limited  to  the  cases  where  a  sufficient 
number  of  boundary  conditions  and  equations  of  statics  are  available  for 
each  member  to  allow  a  solution  to  be  obtained.  In  other  words,  it  must 
be  possible  to  derive  a  conjugate  beam  for  each  member. 

9.4.4  Computer  Limitations 

The  major  limitation  in  the  computer  application  of  the  analysis 
was  the  time  required  by  the  computer  for  the  solution  of  each  framework. 
This  prevented  the  obtaining  of  a  large  number  of  solutions  in  a  short 
period  of  time  and  also  would  prevent  the  use  of  a  commercial  computer 
installation  because  of  economic  reasons. 

The  computer  programs  in  their  present  form  (APPENDIX  A)  were 
limited  by  available  computer  capacity  to  a  consideration  of  only  a  few 
members  and  a  small  number  of  loading  stages.  However,  the  available 
capacity  could  be  extended  and  more  efficiently  used  through  the  use  of 
such  features  as  subroutines  and  tape  storage. 

9.4.5  Calculation  of  Creep  Strains  Under  Variable  Stress 

The  rate  of  creep  method  was  used  in  this  thesis  to  calculate 
creep  strains  under  variable  stress.  One  of  the  major  assumptions  of  this 
method  of  calculation  is  that  creep  is  a  permanent  inelastic  effect  which 
is  not  removed  upon  the  removal  of  the  load.  An  alternative  method  of 
calculation  known  as  the  superposition  method  is  also  discussed  by  Ross  (^9) 
According  to  this  method,  creep  is  completely  removed  upon  removal  of  the 
load.  Ross  has  shown  that  the  errors  from  using  either  method  are  similar 
in  magnitude.  In  a  comparison  with  actual  creep  data  under  increasing  load, 
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the  superposition  method  overestimates  the  creep  and  the  rate  of  creep 
method  underestimates  the  creep.  The  reverse  situation  is  true  under  de¬ 
creasing  load.  In  the  column  investigation  of  Holley  and  Mauch  the 

superposition  method  gave  slightly  lower  failure  loads  than  did  the  rate 
of  creep  method. 

9.4.6  Errors  of  the  Trial  and  Error  Procedures 

The  allowable  errors  of  closure  for  the  trial  and  error  procedures 
of  the  analysis  will  have  a  negligible  effect  on  the  predicted  behavior 
as  long  as  their  magnitude  is  controlled.  This  was  done  quite  efficiently 
in  the  investigation  by  allowing  the  computer  to  set  the  magnitudes  at 
values  just  large  enough  to  prevent  continuous  calculation  loops  from  form¬ 
ing.  However,  in  a  few  cases  the  unstable  behavior  of  the  column  would  re¬ 
sult  in  the  computer  establishing  the  limits  of  convergence  at  magnitudes 
which  may  have  affected  the  results.  These  particular  cases  had  to  be  re¬ 
computed  until  favorable  results  were  obtained. 

9 . 5  Discussion  of  Other  Methods  of  Analysis 

Other  methods  of  analysis  which  have  been  used  for  the  investiga¬ 
tion  of  long  columns  in  frameworks  include  the  following: 

1.  analysis  based  on  first  order  theory 

2.  analysis  of  isolated  columns 

3.  analysis  of  isolated  columns  having  linearly  elastic  end  restraints 

4.  analysis  using  non-linear  elastic  moment -curvature  relationships 
for  both  the  columns  and  the  restraining  members 

5.  analysis  using  an  effective  or  reduced  modulus  for  concrete. 
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9.5.1  Analysis  Based  on  First  Order  Theory 

The  limitations  of  an  analysis  which  does  not  consider  secondary 
moments  are  well  known.  However,  where  secondary  moments  are  small,  this 
type  of  analysis  provides  reasonably  good  results.  Where  secondary  moments 
are  not  small,  first  order  results  can  be  used  as  a  reference  point  for 
the  consideration  of  second  order  effects. 

9.5.2  Analysis  of  Isolated  Columns 

Many  of  the  investigators,  whose  works  were  reviewed  in  CHAPTER  II, 
have  proposed  methods  of  analyses  for  isolated  columns.  In  a  number  of 
cases  the  analyses  were  based  on  non-linear  but  elastic  moment -curvature 
relationships.  The  results  of  this  thesis  indicate  that  this  approach 
is  not  suitable  for  a  practical  investigation  of  the  behavior  of  columns 
in  frames  because  of  the  large  influence  of  the  restraining  members  on  this 
behavior . 

9.5.3  Analysis  of  Isolated  Columns  Having  Linearly  Elastic  End  Restraints 

Columns  have  been  analysed  using  linearly  elastic  end  restraints 
to  approximate  the  effect  of  frame  action.  Examples  of  this  type  of 
analysis  include  the  investigations  of  Broms  and  Viest  and  Pfrang 

and  Siess  ( ^3, 34) . 

Under  short-time  loading,  the  results  of  this  thesis  indicate 
that  the  beam  could  be  replaced  by  a  linearly  elastic  restraint  for  the 
shorter  columns  and  the  resultant  changes  in  failure  load  would  be  small. 

For  the  longer  columns,  however,  the  non-linear  behavior  of  the  beam  re¬ 
duced  the  failure  loads  from  those  which  would  have  resulted  from  using 
linearly  elastic  column  restraints.  Another  problem  arising  from  this 
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method  appears  to  be  the  correlation  between  the  actual  beam  stiffness 
and  the  stiffness  assigned  to  the  restraint. 

Under  sustained  loading,  the  results  of  this  thesis  indicate  that 
the  restraining  beams  exhibited  very  little  linear  behavior. 

9.5.4  Analysis  of  Frames  Using  Moment -Curvat ure  Relationships 

A  method  of  analysis  of  frames  based  on  the  formulation  of  unique 
load -moment -curvature  relationships  for  typical  cross-sections  of  all 
frame  elements  has  been  used  at  the  University  of  Texas  ,  The 

correlation  has  been  good  between  the  analytical  results  and  the  experi¬ 
mental  results  obtained  from  the  short-time  loading  of  reinforced  concrete, 
closed  rectangular  frames. 

Under  short-time  loading,  the  results  of  this  thesis  indicate 
that  unique  load-moment -curvature  relationships  will  give  good  results 
provided  that  the  loads  are  applied  in  such  a  manner  as  to  prevent  signi¬ 
ficant  unloading  at  any  section  in  the  frame  through  a  redistribution  of 
moment.  If  significant  unloading  does  occur,  the  assumption  of  a  non-linear 
elastic  response  to  the  unloading  may  result  in  an  erroneous  prediction  of 
behavior . 

Under  sustained  loading,  the  results  of  this  thesis  indicate 
that  because  moment  will  be  redistributed  on  a  large  scale  due  to  large 
changes  in  member  stiffnesses  and  deflections,  a  unique  relationship  be¬ 
tween  load,  moment,  and  curvature  for  any  member  cross-section  will  normally 
not  exist . 

9.5.5  Reduced  Modulus  Approach 

The  investigation  of  the  effect  of  sustained  load  on  the  behavior 
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of  columns  using  a  reduced  modulus  approach  has  been  recommended  by  many 
investigators  including  Broms  and  Viest  ^ ^ ,  Pfrang  ,  and  Green 

Green  has  been  the  only  one  of  these  investigators  who  has  attempted  to 
base  the  value  of  the  reduced  modulus  on  actual  concrete  creep  behavior. 

He  has  reported  a  good  correlation  with  actual  test  results  under  short 
durations  of  loading. 

For  longer  durations  of  loading,  the  results  of  CHAPTER  V  indi¬ 
cate  that  the  errors  in  predicted  deformations  may  be  as  high  as  50  per 
cent  using  a  reduced  modulus  approach  (one  creep  stage)  to  predict  column 
behavior.  However,  the  investigation  in  CHAPTER  V  also  suggests  that  an 
effective  or  reduced  modulus  approach  may  not  cause  significant  errors  in 
predicting  the  behavior  of  simply  supported  beams.  The  major  source  of 
errors  in  a  reduced  modulus  computation  stems  from  the  fact  that  a  varying 


stress-time  condition  cannot  be  considered. 
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CHAPTER  X 


SUMMARY,  CONCLUSIONS,  AND  RECOMMENDATIONS 

10 . 1  Summary 

This  thesis  presents  a  method  of  analysis  which  can  be  used  in 
the  investigation  of  the  behavior  of  reinforced  concrete  structures  under 
sustained  load.  The  analysis,  which  is  general  in  derivation,  applies 
discreteness  to  the  cross-sections,  the  member  lengths,  and  the  duration 
of  sustained  load,  and  utilizes  numerical  integration  and  trial  and  error 
procedures  to  obtain  the  equilibrium  configurations  of  frameworks  under 
load.  The  analysis  considers  the  varying  stress-time  nature  of  the  sus¬ 
tained  load  problem  and  also  recognizes  that  concrete  is  a  visco-elasto- 
plastic  material. 

The  material  properties  and  assumptions  explicitly  defined  in 
this  thesis  may  impose  limitations  on  the  results  of  this  thesis,  but  they 
are  not  limitations  on  future  applications  of  the  method  of  analysis. 

A  good  correlation  was  obtained  between  the  results  of  experi¬ 
mental  tests  and  the  results  obtained  using  the  method  of  analysis.  Because 
of  the  time  element  involved  in  experimental  investigation,  however,  these 
investigations  were  not  extensive  enough  to  completely  verify  the  method 
of  ana  lysis . 

The  analysis  was  applied  to  the  investigation  of  the  behavior 
under  sustained  load  of  a  number  of  restrained  reinforced  concrete  long 
columns.  Results  were  presented  regarding  the  load -moment  behavior,  the 
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deformation  characteristics,  and  the  failure  loads.  The  discussion  of  the 
results  included  a  discussion  of  the  limitations  of  the  proposed  method 
of  analysis  and  also  of  existing  methods  of  analysis  and  design. 

10 . 3  Recommendations  for  Further  Research 

The  investigation  of  the  behavior  under  sustained  load  of  re¬ 
strained  reinforced  concrete  long  columns  was  limited  to  only  a  small  range 
of  possible  cases.  The  following  research  should  be  conducted  before 
making  a  quantitative  application  of  the  results  to  design. 

1.  More  experimental  investigation  is  needed  to  verify  the  method 
of  analysis  within  the  scope  of  the  investigation. 

2.  The  complete  range  of  e/t  values  should  be  investigated. 

3.  The  complete  range  of  possible  ratios  of  end  eccentricities 
should  be  investigated. 

4.  A  range  of  possible  ratios  of  nominal  column  stiffness  to  nominal 
beam  stiffness  should  be  investigated  including  the  effects  of 
frames  that  are  not  laterally  restrained. 

5.  The  effect  of  varying  the  amount  and  yield  point  of  the  com¬ 
pression  steel  and  tension  steel  in  both  the  beam  and  the 
column  should  be  studied. 

6.  The  effect  of  other  variables  such  as  concrete  strength,  thick¬ 
ness  to  width  ratio,  steel  yield  point,  etc.  should  be  studied. 

7.  Where  possible,  the  parameters  of  level  of  sustained  load  and 
slenderness  ratio  should  be  variables  in  the  above  investigations. 

10.3  Conclusions  and  Recommendations 


The  conclusions  and  recommendations  presented  in  this  section 
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have  been  based  on  this  investigation  and  thus  are  limited  to  restrained, 
tied  columns  with  small  eccentricity  ratios. 

Sustained  loading  caused  substantial  increases  in  column  de¬ 
flections  over  the  corresponding  values  under  short-time  loading.  The 
values  of  maximum  deflection  approached  one  per  cent  of  the  column  length 
in  this  investigation.  The  increases  in  deflection  under  sustained  load 
caused  direct  increases  in  the  deflection  moments  of  the  columns  bent  in 
symmetrical  single  curvature  and  indirect  increases  in  the  deflection 
moments  of  the  columns  bent  in  double  curvature.  The  substantial  changes 
in  the  deflection  moments  caused  significant  changes  in  both  the  relative 
stiffnesses  of  the  columns  and  the  maximum  moments  in  the  columns. 

In  the  lower  portion  of  the  range  of  slenderness  ratios  in¬ 
vestigated,  both  the  single  curvature  and  double  curvature  columns  exhibited 
stable  failures.  For  a  slenderness  ratio  of  ten,  sustained  loading  had 
little  effect  on  the  failure  loads  from  the  corresponding  values  under 
short-time  loading.  In  fact,  in  the  double  curvature  columns,  these  failure 
loads  were  increased  over  the  short-time  values  through  decreases  in  column 
stiffness  and  the  resulting  decreases  in  end  moment  in  the  columns.  This 
characteristic  may  be  exhibited  by  the  single  curvature  columns  if  slender¬ 
ness  ratios  of  less  than  ten  are  investigated. 

The  more  slender  columns  of  the  sustained  load  investigation 
exhibited  unstable  failures  under  loads  which  were  substantially  lower 
than  the  corresponding  values  under  short-time  loading. 

The  behavior  of  the  frames  studied  was  influenced  considerably 
by  the  non-linear  behavior  of  the  concrete  in  the  frame  elements.  Non¬ 
linear  concrete  response  occurred  in  the  shorter  columns  as  the  failure 
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load  was  approached  and  also  in  the  beams  which  restrained  the  longer 
columns.  The  non-linear  response  was  increased  under  sustained  load. 

The  behavior  of  the  columns  in  the  frames  under  sustained  load 
was  greatly  influenced  by  the  decrease  in  column  stiffness  which  resulted 
when  the  reinforcement  on  the  concave  side  of  the  column  yielded  under 
sustained  load.  To  counteract  this  effect,  either  a  larger  steel  area 
or  a  higher  yield  steel  or  both  could  be  used. 

The  use  of  first  order  theory  to  evaluate  the  design  moments 
for  beams  may  seriously  underestimate  these  moments  if  the  beams  are  re¬ 
straining  long  columns.  First  order  theory  does  not  predict  the  redis¬ 
tribution  of  moment  in  a  frame,  and  since  this  is  substantial  when  long 
columns  are  exposed  to  sustained  load,  the  actual  load  factor  for  the  beam 
may  be  considerably  lower  than  the  nominal  load  factor  assumed  in  the  design. 

The  points  of  inflection  in  structural  elements  in  a  frame  are 
subject  to  considerable  movement  because  of  the  redistribution  of  moment 
under  sustained  load.  This  factor  should  be  taken  into  account  in  design¬ 
ing  reinforcing  steel  in  frame  elements. 

The  present  methods  of  design  and  analysis  do  not  adequately 
predict  framework  behavior  if  the  framework  is  under  sustained  load. 
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APPENDIX  A 


FLOW  DIAGRAMS  FOR  COMPUTER 
APPLICATION  OF  THE  ANALYSIS 


A1 


A . 1  Nomenclature  Used  in  Computer  Application 
A . 1 . 1  Subscripting  Variables 

K  =  subscript  defining  the  loading  stage 

K  =  1  -  quick  loading  stage  to  value  of  sustained  load 
1  <  NAP  -  sustained  load  stages 
K  =  NAP  -  last  sustained  load  stage 

NAP  <  K  ^  NAP  +  MAX  -  quick  loading  stages  following  sustained 
load  stages 

K  =  NAP  4-  MAX  -  last  loading  stage  considered 

J  =  subscript  defining  the  position  of  an  analysed  cross-section 
on  the  beam 

J  =  1  -  cross-section  at  the  joint 

J  =  N  -  last  cross-section  analysed 

I  =  subscript  defining  the  position  of  an  analysed  cross-section 
on  the  column 

1=1-  cross-section  at  the  joint 

I  =  LC  -  last  cross-section  analysed 

L  =  subscript  defining  the  position  of  a  point  of  analysis  on  the 
cross-section 

L  =  1  -  top  face  of  the  beam  or  right  face  of  the  columns 
L  =  M  +  1  -  bottom  face  of  the  beam  or  left  face  of  the  columns 

A. 1.2  Input  Variables  Common  to  All  Loading  Stages 
CL  =  column  length 

PULT  =  approximate  maximum  column  load.  This  variable  is  used  in 

determining  an  initial  strain  distribution  at  a  column  cross-section 
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DLLL  =  uniform  sustained  load  on  the  beam 

BL  =  beam  length 

TC  =  thickness  of  column 

TB  =  thickness  of  beam 

BB  =  beam  width 


BC  =  column  width 


DPT  =  d’/t  =  ratio  of  depth  to  steel  to  total  member  thickness 
PSB  =  percentage  of  steel  in  the  beam  (  =  As/tgbg) 


PSG  =  percentage  of  either  top  or  bottom  steel  in  the  column 
For  the  symmetrically  reinforced  section  considered, 


PSC  = 


As 


2  tchc 


FPC  =  concrete,  compressive  strength  at  age  of  first  loading  of 
specimen 


EU  =  failure  strain  under  short-time  loading 

AK3  =  ratio  of  maximum  possible  concrete  stress  to  concrete  strength 
at  age  of  loading 

AK2  =  ratio  of  tensile  strength  of  concrete  at  age  of  loading  to 
compressive  strength  of  concrete  at  age  of  loading 

SMOD  =  modulus  of  elasticity  of  reinforcing  steel 

FY  =  yield  strength  of  reinforcing  steel 

M  =  number  of  fibres  in  a  cross-section 


XC  =  distance  between  the  column  cross-sections  being  considered 

XB  =  distance  between  the  beam  cross-sections  being  considered 

YEND  =  variable  used  to  converge  the  deflection  at  the  fixed  end 
of  the  column  bent  in  double  curvature 


FROT  =  variable  used  to  converge  the  rotations  at  a  joint 
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A . 1 . 3  Variables  Dependent  on  the  Loading  Stage 

PC(K)  =  axial  load  in  column  during  loading  stage  K 

ESH  (K)  =  shrinkage  strain  up  to  the  end  of  loading  stage  K 

EMAX  (K)  =  strain  at  maximum  stress  for  the  loading  stage  K. 

This  variable  is  used  in  the  calculation  of  curvature  and 
stress  increments  and  in  calculating  the  permissible  error 
in  strain. 

DELE  (K)  =  maximum  strain  increment  or  error  during  loading  stage  K 

DELS  (K)  =  maximum  stress  increment  during  loading  stage  K 

DELPB  (K)  =  permissible  variation  in  beam  axial  load  during  loading 
stage  K 

DELPC  (K)  =  permissible  variation  in  column  axial  load  during  load¬ 
ing  stage  K 

DELMB  (K)  =  permissible  variation  in  beam  bending  moment  during  load¬ 
ing  stage  K 

DELMC  (K)  =  permissible  variation  in  column  bending  moment  during 
loading  stage  K 

DELY  (K)  =  permissible  variation  in  column  deflection  during  loading 
stage  K 

DELT  (K)  =  permissible  variation  in  joint  rotation  during  loading 
stage  K 

F1(K) ,  F2(K),  F3(K)  =  coefficients  of  the  cubic  equation  for  creep 
during  loading  stage  K 


A0104  Calculated  Variables 


FLOP,  FAIL  =  variables  used  to  recognize  a  failure  occurring  during 
any  loading  stage 

PCHA1,  PCHA2  =  variables  used  to  determine  the  failure  load  of  a 
column 

SADI— < SAD16  =  variables  used  to  recognize  continuous  looping  within 
the  program 

SCOR'l,  SC0R2  =  variables  used  in  determining  the  initial  trials  of 
stress  and  strain  distribution  during  a  loading  stage 
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CMOD  =  concrete  modulus  of  elasticity 

EO  =  concrete  strain  at  first  reaching  of  the  maximum  stress 

NIP  =  NAP  +  MAX  =  number  of  loading  stages  analysed 

ETA  =  strain  at  point  L  =  1  of  a  cross-section 

ET1  =  strain  at  point  L  =  M  +  1  of  a  cross-section 

ZZ  =  variable  used  in  the  calculation  of  strain  and  stress  increments 

EINC  =  permissible  variation  in  strain  or  strain  increment 

SINC  =  stress  increment 

ETB1  =  total  strain  in  a  fibre  of  a  beam 

BPB  =  variable  used  in  the  calculation  of  beam  axial  load 

BMB1  =  variable  used  in  the  calculation  of  bending  moment  in  a  beam 
cross-section 

RBR  =  variable  used  in  the  calculation  of  beam  rotation 

FUD  =  variable  used  in  the  calculation  of  the  initial  assumption  of 
strain  distribution  in  a  cross-section 

EEE  =  variable  used  in  the  calculation  of  the  initial  assumption  of 
strain  distribution  in  a  cross-section 

ETC1  =  total  strain  in  a  fibre  of  a  column 

CPC  =  variable  used  in  the  calculation  of  axial  load  in  a  column 

CMC  =  variable  used  in  the  calculation  of  bending  moment  at  a  column 
cross-section 

RCR  =  variable  used  in  the  calculation  of  column  rotation 
Z  =  variable  used  in  the  calculation  of  deflections 
NN  =  variable  used  in  the  calculation  of  deflections 

RR  =  variable  used  in  the  calculation  of  bending  moment  to  be  resisted 

at  a  cross-section 

JK  =  variable  used  in  the  calculation  of  beam  rotation 

ML  =  variable  used  to  define  the  last  calculation  point  in  a  cross- 

section.  ML  =  M  +1 
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S,VsC,  COM,  SS  =  variables  used  to  perform  operations  peculiar  to 
computer  calculation 

TT  =  variable  used  in  the  calculation  of  the  far  end  deflection  of 
a  double  curvature  column 

YFE  (K)  =  far  end  deflection  of  the  column  bent  in  double  curvature 
after  loading  stage  K 

ROTB  (K)  =  beam  rotation  at  the  joint  at  the  end  of  loading  stage  K 

ROTC  (K)  =  column  rotation  at  the  joint  at  the  end  of  loading 
stage  K 

RB  (J)  =  equivalent  concentrated  angle  change  at  cross-section  J 
of  the  beam 

YB  (K,J)  =  deflection  of  beam  at  cross-section  J  after  loading 
stage  K 

BMB  (K,J)  =  bending  moment  to  be  resisted  at  cross-section  J  of 
the  beam  during  loading  stage  K 

PHIB  (K,J)  =  curvature  at  cross-section  J  of  the  beam  after  loading 
stage  K 

FPSB  (K,J)  =  stress  in  top  steel  at  cross-section  J  of  the  beam 
after  loading  stage  K  (if  top  steel  exists) 

EPSB  (K,J)  =  strain  in  top  steel  at  cross-section  J  of  the  beam 
after  loading  stage  K  (if  top  steel  exists) 

FSB  (K,J)  =  stress  in  bottom  steel  at  cross-section  J  of  the  beam 
after  loading  stage  K  (if  bottom  steel  exists) 

ESB  (K,J)  =  strain  in  bottom  steel  at  cross-section  J  of  the  beam 
after  loading  stage  K  (if  bottom  steel  exists) 

R(L)  =  equivalent  concentrated  load  at  position  L  of  a  cross-section 

ETB  (K,J,L)  =  total  strain  at  position  L  of  beam  cross-section 
J  after  loading  stage  K 

EELB  (K,J,L)  =  instantaneous  component  of  strain  at  position  L  of 
beam  cross-section  J  after  loading  stage  K 

ECRB  (K,J,L)  =  creep  component  of  strain  at  position  L  of  beam 
cross-section  J  after  loading  stage  K 


SIGB  (K,J,L)  =  stress  at  point  L  of  beam  cross-section  J  after 
loading  stage  K 
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RC  (I)  =  equivalent  concentrated  angle  change  at  column 

YC  (K,I)  =  column  deflection  at  cross-section  I  after 
stage  K 

YPC  (K,I)  =  trial  column  deflection  at  cross-section  I 
stage  K 


cross-section  I 
loading 

after  loading 


BMC  (K,I)  =  bending  moment  at  column  cross-section  I  during  loading 
stage  K 


PHIC  (K,I) 
stage 


=  curvature  at  column  cross-section 
K 


I 


after  loading 


FPSC  (K,I) 
after 


=  stress  in  steel  at  right 
loading  stage  K 


face  of  column  cross-section 


I 


EPSC  (K,I) 
after 


=  strain  in  steel  at  right  face  of  column  cross-section 
loading  stage  K 


I 


FSC  (K,I)  =  stress  in  steel  at  left  face  of  column  cross-section  I 
after  loading  stage  K 


ESC  (K,I)  =  strain  in  steel  at  right  face  of  column  cross-section  I 
after  loading  stage  K 

ETC  (K,1,L)  =  total  strain  at  position  L  of  column  cross-section  I 
after  loading  stage  K 


EELC  (K,I,L)  =  instantaneous  component  of  strain  at  position  L  of 
column  cross-section  I  after  loading  stage  K 


ECRC  (K,I.L)  =  creep  component  of  strain  at  position  L  of  cross- 
section  I  after  loading  stage  K 

SIGC  (KSI,L)  =  stress  at  position  L  of  column  cross-section  I 
after  loading  stage  K 
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A „ 2  Flow  Diagram  for  Fibre  Analysis 

The  variables  used  are  the  beam  variables  defined  in  SECTION 
A.l.  A  column  fibre  is  treated  identically. 
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SIGB (K, J , L)  f  / 

SIGB(K,J,L)\2 

AK3*FPC  *  \l 

AK3*FPC  /  1 

(F1(K)  -  Fl(K-l)) 

SIGB (K, J , L)  r 
"  AK3*FPC 

( F 2 ( K)  -  F2(K-1)) 

+  F3(K)  -  F3(K-1)J 

■ 


© 


KK  =  K-l 


A9 


< 

\  NN  = 

20  V 

1,  KK  / 

> 

t 

JJ  = 

EC-NN 

SIGB ( JJ , J , L) 

<  SIGB  (K,  J ,  L)  ") 

„  yes 


© 


SIGB ( JJ , J , L)  <  0  ) 


equals  /  (20) 


no 


CONTINUE 


(  SIGB(K,J,L)  >  0.98*FPC  ) 


EELB(KS JSL)  =  EELB(K-1, J,L) 
SIGB  (K, J , L)  -  SIGB(K-1, J, L) 

CMOD 


no 


,yes 


SIGB (K, J , L)  =  AK3*FPC 


V  i  r 


K<  NAP  ) 


EELB(K,J,L)  = 
EO( 1  -  \/l  - 


SIGB (K, J , L) ) 

AK3*FPC  ) 


-H  K  <  NAP 


LO 


© 

jyes 


no 


ECRB(K, J, L)  =  ECRB(NAP, J, L) 


ECRB (K, J , L)  =  ECRB(K-1, J,L) 

4  F2(K)  -  F2 (K-l)  4  F3(K) 

-  F3(K-1)  4-  F1(K)  -  Fl(K-l) 


ECRB(K, J , L)  =  ECRB (NAP , J , L) 


ECRB(K5J,L)  =  ECRB (K- ls  J  3  L)  + 

SIGB (K,  J  ,  L)  f  f(SIGB(K,  J,L)  \  ^ 

AK3*FPC  \\(  AK3*FPC  )  ]  * 

(F1(K)  -  Fl(K-X))  + 

(F  2 (K)  -  F2  (K-l))  4  F3(K)  -  F3(K-1)J 


EELB(K, J,L)  =  ETB (K, J , L) 
•ECRB (K, J , L)  -  ESH(K) 


EELB (K, J s L)  <  EU 


/  1 

no 

1 

FLOP  =  10 

1 

r 

FIBRE  FAILURE 

' 

4 

D 

) 


cn 

SIGB (K, J , L)  >  0 


no 


A10 


(  SIGB(K,J,L)  <  AK2*FPC  ) 

r  yes 

\ 

no 

SIGB (K, J , L)  =  0 

© 

EELB(K, J , L)  =  -  EO* 

ves 
135 


EELB(K, J, L)  = 

EO(  1  - 

v1  - 

SIGB (K, J , L)  ) 

AK3*FPC  ) 

r 

ECRB(K, 

J ,  L)  =  0 

(  SIGB (K, J , L)  >  0.98  AK3*FPC ) 

/no 

J  1 

yes 

/  (37 )  SIGB(Ks J,L)  =  AK3*FPC 

j 

f 

/  EELB(K, J,L)  =  ETB(K,J,L) 

. 

EELB(K,J,L)  ^  EU  ) 


no 


wyes 


FLOP  =  10 


FIBRE  FAILURE 


ECRB(K, J  s  L)  =  0 
EELB(K, J, L)  =  0 

1 


U6Ml7M24W25)n29} 


ETB1  =  EELB(K, J,L)  + 
ECRB(K,J,L)  +  ESH(K) 


ETB1  =  ETB(K,J,L)1 


ZZ  = 


EELB(K, J,L) 


EMAX(K) 


© 


yes 


ZZ  £$  0.50 


EINC  = 


DELE(K) 

4(1-ZZ) 
SINC  =  DELS (K) 


ZZ  >1.00  J 


SADI  =  SADI  +  1.00 


© 

EINC  =  DELE (K) *ZZ 

SINC  = 2  DELS (K) (1-ZZ) 

1 

' 

7)  (  ETB1  >  ETB(K,JSL)  -  EINC 


yes 


EINC 

SINC 


DELE(K) 
DELS (K) 


„  yes 


(5l)(  ETBL<  ETB(K,J,L)  +  EINC  ) 


(  SAD2  >5.0 


no 


no 

r 

SIGB(KaJsL)  = 

SIGB (K, J , L)  +  SINC 

 r 

g< 

h-1 

/yes 

V  no 

© 

© 

yes 


SAD2  =  SAD 2  +  1.00 


yes 


DELS  (K)  =  DELS  (K)  -  0.001  - (  SADI  >  5.0  ) 


K,  DELS  (K) 


1 

^0 

SIGB (K, J , L)  =  SIGB (K, J s L)  -  SINC 

1 

SADI  =  0 
SAD2  =  0 


K  <  1 


yes  j 

d 


c 


=  S3 

All 


A . 3  Flow  Diagrams  for  Cross-Section  Analysis 
A. 3.1  Beam  Cross-Section 

The  flow  diagram  is  for  a  cross-section  with  no  compression 
steel.  To  analyse  sections  with  various  amounts  of  compression  steel, 
minor  modifications  can  be  made  to  the  statements  in  the  range  from  (75] 
to  (77)  . 

The  nomenclature  is  defined  in  SECTION  A.l. 


/  TB,  BB,  DPT,  PSB ,  FPC,  I 
'  ESH(K) ,  EMAX(K) ,  DELE (K) 
DELMB(K) ,  F1(K),  F2(K),  F3< 

:u,  AK3,  AK2 ,  SMOD,  FY, 

,  DELS (K) ,  DELPB(K), 

:k),  M,  BMB(K,J),  NAP,  MAX 

1 

r 

Fill  all  arrays  obtained  by 
calculation  with  zeros 

N 

0 

r 

b 

fj  <j)  if i 


O  1  '  "  ■  5 


imoz 


AT3 


— J 


@ 


ETB(K,J,L)  =  ET4  - 

PHIB(K,J)  *  TB*S 

V 

© 


Repeat  the  analysis  of  APPENDIX 
A. 2  from  the  statement  pre- 
ceeding  (T)  to  statement  (5^ 
with  the  following  changes: 

1.  statement  (54)  becomes 
CONTINUE 

2.  from  FAILURE  statements  (30 
and  (38)  GO  TO  (LO^ 


© 


A13 


CONTINUE 


EPSB(K, J)  =  ET4  -  PHIB (K, J)  *  DPT*TB 


(  K  <  1 

/yes 


no 


55)  FPSB (K, J)  =  EPSB (K, J)  *  SMOD  (g 


L 


FPSB (K, J)  =  FPSB (K  -  1  ,  J)  + 
{EPSB(K,J)  -  EPSB (K  -  1,  J)]  *  SMOD 


57)  C  FPSB(K,J)  <  -  FY 


yes 


58)  FPSB (K, J)  =  -  FY 


no 


y  2222 

r  yes 

FPSB (K, J)  =  FY 

@  1  ESB(K,J)  =  ET4  -  PH IB ( K , J )  (1  -  DPT)  *  TB 


('  K<  1 


ye 


FSB (K, J)  =  ESB (K, J)  *  SMOD 


FSB(K, J)  =  FSB (K  -  1,  J)  + 

SMOD  *  (ESB (K, J)  -  ESB(K  -  1,  J) ) 


C  FSB(K,  J)  <  -  FY  ■) 

/ —  v 

'yes  \  no 


FSB (K, J)  =  -  FY 


no 


©  ( 

FSB(K, J)  >  FY  0 

1 

-  yes 

(67) 

FSB (K, J)  =  FY 

m 


mnmmm 


A14 


t  ,,  )i  (i  ■  « 

—  — - ~r— M,  -  1  1  ' 


J,L,>l)HDI8  -  (X  +  «L  )f)-aOI2  + 

o  - 

i  ZM  -  J  © 


(79) 

BMB1  =  BMB1  +  R(L)*(p-  -  TB) 

TB 

BMB1  =  BMB1  +  PSB*TB*BB(“  -  DPT*TB)  (FPSB(K,J)  -  FSB(K,J)) 

' 

r 

A15 


ET4  >  ETp 


© 


zz  = 


ET4 


EMAX(K) 


EINC  = 


ET1 
EMAX(K) 


DELE (K) 

4(1-ZZ) 


y^no 

\ 

yes 

EINC  =  DELE (K) *ZZ 

© 

EINC  =  DELE(K) 

BPB  >  -  DELPB(K) 


no 


SAD 3  =  SAD 3 

+  1.00 

1 

■x"  N  (9]) 

— - — — 

yes 

,  no 

ET4  =  Er 
ET1  =  Er 

E4  +  EINC 
n  +  EINC 

$ 

b 

K,  D 


:lpb(k) 


C  BPB  < 

DELPB(K) ) 

\  no 

.50 

SAD4  =  SAD4  +  1.00 

yes 

V  > 

* 

yes 


SAD  3  >10cT) 


no 

r 

ET4  =  ET4  -  EINC 
ET1  =  ET1  -  EINC 

’ 

© 


BMB1  >BMB(K,J)  -  DELMB(K) 


'no 


SAD5  =  SA1 

D5  +  1.00 

1 

(  SAD6  > 100  > 


no 


yes 


ET4  =  ET4  -(-  EINC 
ET1  =  ET1  -  EINC 


(98)  l  BMB 1  <  DELMB  (K)  +  BMB(K,jT) 

|  no 


SAD6  =  SAD6  +1.00 


yes(  SAD5  >  100  ) 


' 

,  no 

ET4  =  E'] 
ET1  =  El 

r4  -  EINC 
n  +  EINC 

A16 


© 

SC0R1  =  SC0R1  +  1.00 

l  BMB(K, J) ,  PH1B (K, J) ,  ETB(K, J, L) ,SIGB(K, J, L) , 

EELB(K, J,L)  ,  ESH(K)  ,ECRB(K,J,L)  ,  FPSB(K,J), 

\  EPSB(K, J) ,  ESB (K, J) ,  FSB(K,J) 

X- — \ 

1 

' 

(103) 

CONTINUE 

(0 


A. 3.2  Column  Cross-Section 

The  flow  diagram  for  analysis  of  a  column  cross-section  is  the 
same  as  that  for  a  beam  cross-section  (SECTION  A. 3.1)  with  the  following 
changes . 

1.  The  column  nomenclature  is  used  instead  of  the  beam  nomenclature. 
(SECTION  A . 1) 


2. 

SC0R2  replaces  SCOR1 

3. 

SAD7  to  SAD12  replace  SADI 

to  SAD6 

A. 

PULT  and  PC(K)  are  read 

in 

5. 

Statements  (75)  to  (77) 

inclusive  are  removed 

6  . 

Statement  (88)  becomes 

(in 

column  nomenclature) 

CPC  >PC(K)  -  DELPC(K) 

7.  Statement  (92)  becomes  (in  column  nomenclature) 
CPC<PC(K)  +  DELPC(K) 


8. 


Replace  statements 


inclusive  with  the  following: 


<f  A  H-mrs?.) 


' 


A17 


A18 

A . 4  Flow  Diagrams  for  Member  Analysis 
A . 4 . 1  Beam 

The.  flow  diagram  depicts  the  analysis  of  a  beam  subjected  to  a 
uniform  load  having: 

1.  no  compression  reinforcement 
2„  zero  axial  load 

3.  zero  end  deflections 

4.  symmetrical  end  restraints 

The  use  of  beam  symmetry  in  the  analysis  requires  that  the  number 
of  panel  points  be  an  odd  number. 


i  \  sx  ‘r  a  I 

I 


©  [~BMB(K,1)  =  end  condition 


A19 


102 


103) 


104) 


110 


X)z  (  )(nm 

o  -  a  y  ] 

-  V:  -  i.r. 

00. I  +  [£0D3  ®  l HOD 2 


( i,  V,  A)  ■  .  <  .  .  A  y  /I V  t  ('  t3T>  at  ■¥'  ,  ( 


A. 4. 2  Column  Bent  in  Single  Curvature 
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The  flow  diagram  depicts  the  analysis  of  a  column  bent  in  single 
curvature  having: 

1.  zero  uniform  load 

2.  zero  end  deflections 

3.  symmetrical  end  restraints 

4.  symmetrical  reinforcement 

The  use  of  column  symmetry  requires  that  the  number  of  panel 
points  be  an  odd  number. 


i  r 

/  126 

\  K=l,  NIP 


SC0R2  =  0 


IS 


:ynJtvsri  9  7u3BVTtuo 

Sitmjsd  ToijaiaT  i  s  Jammy «  .A 


i.XA  ,£XA  .r  ’  t,  T'l  D2S  ,'l  :i  ,  .  :  .:■-•]• 
t(X)09  t  TJ  vi  ,  D  ,  X AM  „  q  '  n  .  Y  -i  ,  aOM  5 

-  ,00  (■  )i  •  Y  ■  ■  :  ,  00  ok  i 

m.)M g  *20L 

y  d  'jani  .3d  ■  .  :.ib 

-,  :i  3  i  d  '  :  •? 


?-ri  “V  i  gok') 

OS**£XA*S; 


tift  =  qiw 

'I  . 


is - .t.  j 

siaAc. 

01  \ 

o  =  oi  c  a 

0  I  CIA8 


V  ;  QV>y'  {  ‘  2  . si  .  .  M 


.  F. .  ■  :0  .  '  -  f.  -  '  ' 

:  es  j.'tsjv)  gn  b 


(•  ,  ~|  (I)0H 


(x+i t>  nmt 
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(108 


@ 


107 


IK  =  LG-1 

f 

RC(LC) 
RCR  =  2 

- 

’ 

ROTC (F 

0=0 

108 


\  1=1,  IK  X 

' 

ROTC  (K)  =  ROTC  (K)  4-  RC(I) 

' 

r 

ROTC(K)  =  ROT 

’C(K)  +  RCR 

' 

Z  =  ROTC(K) 

' 

YPC  (K 

1)  =  0 

f 

LCL  =  LC-1 

1 

' 

L09  \ 

LCL  X 

Z  =  Z  -  RC (I) 

'1 


YPC(K,I+1)  =  YPC(  K, I)  +  Z*XC 


_ I 


118 

1=1.  LC 


HO)  C  YPC(K,IX  YC(K, I)  +  DELY(K) 


'no 


yes 


SAD 17  =  SAD 17  +  1.00 

\ 

' 

113)  (  YPC(K,I)  >YC(K,I)  -  DELY(kT) 


(  SAD 18  >  3.0  ) 


114) 


no 


SAD  18  =  SAD18  +  1.00 


f  no 


yes 


SAD17  >  3  TO  ) 


(116) 

(ffi) 

DELY(K)  =  DELY(K)  +0.001  ^ 

^  yes 

\ 

no 

(U6) 

( 

yes' 


X  K,  YLOOP,  DELY(K) 


110 


t.  r  a 


0  -  (i 

X  .13 T 

DX*S  +  (1.3  )jciY  »= 

>  '  Y  •  3Q  +  (I,  >i)DY 

V  ;<1V  ; 

. :_VT  \  ,  "->  _''Y  J  { 


ioT.i.  p!)T.,iV  (M)yjAal  (e; 
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f  iTV'  nwo  ] 


'i  AHDS 


30  J\ 

< .  y ) d i v 3 1  ,  ( V ,A)oim  7(i <x) y  '  ( l ,  ■  o  *  m 

(  t  I  3  ■  «  vl  r.’i)0T3  « (X)OTOJl  t(ItX)D83 
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A„4.3  Fixed  Ended  Column  Bent  in  Double  Curvature 


The  flow  diagram  depicts  the  analysis  of  a  fixed  ended  column 
bent  in  double  curvature  having: 

1.  symmetrical  reinforcement 

2.  zero  end  deflections 

3.  zero  uniform  load 


TC,  BC,  DPT,  PSC,  FPC ,  EU,  AK3,  AK2 ,  SMOD,  FY,  YEND 
NAP,  MAX,  CL,  PULT,  PC(K) ,  ESH(K) ,  EMAX(K) ,  DELE(K) ,  DELS (K) , 
DELPC(K) ,  DELMC(K) ,  DELY(K) ,  F1(K) ,  F2(K),  F3(K),  M,  XC,  BMC(K,1) 

_ T_ _ _ 


Fill  all  arrays  obtained  by  calculation  with  zeros 


© 


CMOD  =  60, 

2' 

EO  =  — 

500  v  FP'C" 

*AK3*FPC 

CMOD 

_  ■ 

NIP  =  NAP  4-  MAX 

131 


r 

SCOR2  =  0 

1 

r 

SAD15  =  0 
SAD16  =  0 

> 

13 Ye_s..(  FLQP">  1Q  ) 

© 


no 


BMC(K,1)  =  end  condition 


CL 

LC  =  XC 

4-  1.00 

©  1  BMC(K,LC)  =-0.5*BMC(K,lj 


(4)  1  BMC(K, LC)  =  BMC(k-l.LC) 


©— <  I-l!  LC  ) 


si  s  tjO  n' j. riur  ml  :>s.  >f  jn:jIop  _  objn3  box i'-i  t.A.A 

' od  br-  na  b-  til  >  ‘to  3:  1  ■  ■  JO  .  -A  wo  •  J  9/1” 


©  I  YC(K,I)  =  YC(K-l.I) 


i 

J 
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107 


r10( 


$ 

CONTINUE 

\ 

' 

ROTC(K)  =  0 

_ i 


107 

1=1,  LC 


ROTC(K)  =  ROTC(K)  +  RC(I)  - 


I 

I 

I 

_ l 


Z  =  ROTC(K) 

1 

' 

YPC  (K 

1)  =  0 

\ 

> 

LCL  =  LC-1 

/  108  \ 
\  1=1,  LCL  / 

n 


Z  =  Z  -  RC(I) 


108)  YPC(K,I+1)  =  YPC(K,  I)  +  Z*XC 


_ l 


109 


(  YPC(K,LC)  >  -  DEf (K) 

9 

y/no 

SAD15  =  SAD] 

u5  +  1.0 

s 

’ 
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YPC(KjLC)<DEL|CKl 


CJadI£2)5To~) 


yes 


no 


r 

(m) 

SAD16  =  SAD16  4-  1.00 

DELY(K)  =  DELY(K)  +  0.001 


yes 


SAD15  >  5.0  ) 


K,  DELY(K) 


BMC (K, LC)  =  BMC (K, LC)  -  YPC(K,LC)  * 


DELMC(K) 

YEND 
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'1 


SAD17  =  SAD 17  +  1.00 


(  YPC(K,I)>  YC (K, I)  -  DELY(K)) 


(  SAD18  >  3  0  X^yes 


■L2°)  \  fDELY(K)  =  DELY(K)  +  0.001 


no 


SAD 18  =  SAD 18  +  1.00 


S  K,  YLOOP ,  DELY(K) 


121) 


116 


122 


© 


\  MM  = 

LC  / 

1 

' 

YC  (K,  MM)  =  YP  C  (  K ,  MM)  |— 

r 

SAD 15  =  0 

SAD16  =  0 

SCOR2  =  SCOR2  +  1.00 

d 

) 

SAD 17  >  3T0j 


yes 


12  3 


CONTINUE 


J 


(124) 
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A . 5  Flow  Diagrams  for  Frame  Analysis 

These  flow  diagrams  depict  the  analysis  of  the  model  frame¬ 
works  of  CHAPTER  VII.  Two  possibilities  exist: 

1.  The  model  framework  containing  columns  bent  in  symmetrical  single 
curvature . 

2.  The  model  framework  containing  columns  fixed  at  one  end  and 
bent  in  double  curvature. 

The  assumptions  of  the  model  frameworks  are  included  in 
CHAPTER  VII. 

A . 5 . 1  Framework  Containing  the  Columns  Bent  in  Symmetrical  Single  Curvature 


V8T  ' 

):•  •  c  .  •?.)  ..  a  ,  t  ■  W  —  tVl 

o  i  ,  o.  ■  -  •'  r  :  1  -,r-  'T 
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SC0R1 

SCOR2 

SAD13 

SAD14 


0 

0 

0 

0 


yes 


(  FLOP  > 10  ) 


BMB  (K, 1)  =  BMB (K- 1 ,  1) 


Repeat  the  analysis  of  SECTION  A  .4 . 1 
from  the  statement  following  (j3)  to 
statement  (10a  inclusive  with  the 
following  change: 

1.  From  FAILURE  statements  (30)  and 
(38)  GO  TO  (22) 


© 


SC0R1  =  SC( 

DR1  +  1.00 

> 

' 

BMB  (K,  1) 

BMB  (K,  1) 

2 

Repeat  the  analysis  of  SECTION  A. 4. 2 
from  statement  ML)  to  statement  Ula 
inclusive  with  the  following  changes 

1.  Omit  statement  (^) 

2.  FAILURE  statements  (30)  and  (38) 
bee  ome 


BMB  (K,  1)  =  BMB  (K,  1)  +  DE-^li9_ 

- 

' 

C  BMB (K, 

-)  ^  0  X  nn 

ves 


FAIL  =  FAIL 

4- 

1.00 

FLOP 

=  10 

1 

r 

SC0R2 

=  0 

S  COLUMN 

FAILURE 

\  COLUMN  FAILING 


(22) 


X‘  A 


i  ' 


5:  .Aj  .Vo  lo  ( I  S  1  : 

?)  i  ;•  c  ■  (  '  J  ui 3 *i  v  i  (nor 


'  -  ■  '  i  •:  '  ' . 


f  c  t.;;9ha  -  (i  ra)aMa 


4 
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,<  •  ,  1  i  :  '  -  < 


in 
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A. 5. 2  Framework  Containing  the  Columns  Fixed  at  One  End  and 
Bent  in  Double  Curvature 


The  flow  diagram  for  this  analysis  is  that  of  SECTION  A. 5.1 
with  the  following  changes: 

1.  Insert  SAD15  =  0  and  SAD16  =  0  before  (?) 

2.  Change  the  first  part  of  (?)  to  read- 

"Repeat  the  analysis  of  SECTION  A. 4. 3  from  the  statement 
following  (?)  to  statement  (l2?)  with  the  following 
changes : 


1.  Failure  statements  (30)  and  (38)  become:" 


r  '  :  ;  ‘  J  ’<.[■  ';>i  JJ 


APPENDIX  B 


COMPARISON  OF  RESULTS  OF 
A  BEAM  AND  A  COLUMN  CONSIDERING 


VARIOUS  DEGREES  OF  DISCRETENESS 


■ '!'] : :.h ..  a  •  1  ..JJOD  i  J  :.e  a 


B 1 


TABLE  B . 1 

COMPARISON  OF  BEAM  RESULTS  FOR 
VARIOUS  DEGREES  OF  DISCRETENESS 


No .  of 

cr  eep 
stages 

No.  of 
panels 

No .  of 
fibres 

Y 

t=25  yr 
(in) 

end  9 
t=25  yr 

fs 

t=25  yr 
(ksi) 

f c  max 
t=25  yr 
(ksi) 

one 

cr  eep 
stage 

6 

5 

1.864 

.02513 

-23.79 

1.944 

10 

1.865 

.02511 

-22.99 

1.956 

15 

1.864 

.02518 

-23.53 

1.926 

10 

5 

1.869 

.02549 

-23.79 

1.944 

10 

1.870 

.02550 

-22.99 

1.956 

15 

1.864 

.02538 

-23.53 

1.926 

20 

5 

1.868 

.02562 

-23.79 

1.944 

10 

1.871 

.02573 

-22.99 

1.956 

15 

1.866 

.02566 

-23.53 

1.926 

three 

creep 

stages 

6 

5 

1.945 

.02702 

-24.38 

1.971 

10 

1.939 

.02708 

-24.59 

1.938 

15 

1.939 

.02708 

-24.14 

1.948 

10 

5 

1.953 

.02717 

-24.38 

1.953 

10 

1.944 

.02715 

-24.59 

1.938 

15 

1.937 

.02699 

-24.14 

1.948 

20 

5 

1.950 

.02717 

-24.38 

1.971 

10 

1.939 

.02708 

-24.59 

1.938 

15 

1.942 

.02706 

-24.14 

1.948 

five 

creep 

stages 

6 

5 

1.943 

.02618 

-24.87 

1.950 

10 

1.924 

.02592 

-24.53 

1.942 

15 

1.928 

.02606 

-24.50 

2.047 

10 

5 

1.948 

.02658 

-24.87 

1.950 

10 

1.929 

.02632 

-24.53 

1.942 

15 

1.926 

.02630 

-24.50 

2.047 

20 

5 

1.945 

.02676 

-24.87 

1.950 

10 

1.928 

.02653 

-24.53 

1.942 

15 

1.926 

.02653 

-24.50 

2.047 

s  even 

creep 

stages 

6 

5 

1.902 

.02558 

-24.56 

1.864 

10 

1.881 

.02535 

-24.15 

1.861 

15 

1.886 

.02546 

-24.57 

1.908 

10 

5 

1.908 

.02594 

-24.56 

1.908 

10 

1.887 

.02567 

-24.15 

1.861 

15 

1.882 

.02564 

-24.57 

1.908 

20 

5 

1.909 

.02619 

-24.56 

1.864 

10 

1.891 

.02599 

-24.15 

1.861 

15 

1.886 

.02592 

-24.57 

1.908 
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TABLE  B .  2 

COMPARISON  OF  COLUMN  RESULTS  FOR 
VARIOUS  DEGREES  OF  DISCRETENESS 


No  o  of 

creep 

stages 

No .  of 
pane  Is 

No.  of 
fibres 

Y 

t=25  yr 
(in) 

end  0 
t=25  yr 

f- 

t=25  yr 
(ksi) 

fs 

t=25  yr 
(ksi) 

f c  max 
t=25  yr 
(ksi) 

M 

t=25  yr 
(in  k) 

one 

creep 

stage 

6 

5 

1.576 

.02238 

50.0 

20.63 

1.740 

522.64 

10 

1.577 

.02239 

50  .0 

20.60 

1.740 

522.77 

15 

1.577 

.02239 

50  .0 

20 .59 

1.740 

522.82 

10 

5 

1.603 

.02263 

50.0 

20.36 

1.764 

528.41 

10 

1.586 

.02238 

50.0 

20.69 

1.752 

524.89 

15 

1.560 

.02203 

50.0 

20.95 

1.740 

518.78 

20 

5 

1.598 

.02250 

50.0 

20.36 

1.764 

527.31 

10 

1.594 

.02247 

50.0 

20.33 

1.764 

526.79 

15 

1.577 

.02224 

50.0 

20.59 

1.740 

522.64 

two 

creep 

stages 

6 

5 

1.132 

.01682 

50.0 

28.89 

1.576 

423.43 

10 

1.132 

.01683 

50.0 

28.86 

1.576 

423.55 

15 

1.133 

.01684 

50.0 

28.84 

1.576 

423.63 

10 

5 

1.134 

.01682 

50.0 

28.89 

1.576 

424.01 

10 

1.135 

.01683 

50  .0 

28.86 

1.576 

424. 14 

15 

1.135 

.01684 

50.0 

28.84 

1.576 

424.23 

20 

5 

1.131 

.01678 

50.0 

28.89 

1.576 

422.90 

10 

1.135 

.01681 

50.0 

28.86 

1.576 

423.86 

15 

1.135 

.01682 

50.0 

28.84 

1.576 

423.48 

three 

creep 

stages 

6 

5 

1.107 

.01649 

50.0 

29.98 

1.572 

417  .79 

10 

1.098 

.01642 

50.0 

30.31 

1.569 

415.90 

15 

1.095 

.01633 

50.0 

30.28 

1.569 

415.02 

10 

5 

1.098 

.01637 

50.0 

30.32 

1.575 

414.99 

10 

1.098 

.01632 

50  .0 

30.33 

1.569 

415.02 

15 

1.098 

.01636 

50.0 

30.28 

1.569 

415.83 

20 

5 

1.097 

.01633 

50.0 

30.31 

1.575 

415.58 

10 

1.101 

.01637 

50.0 

30.31 

1.569 

416.02 

15 

1.100 

.01633 

50.0 

30.28 

1.569 

415.73 
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TABLE  B.2 
(Continued) 


No .  of 

creep 

stages 

No .  of 
panels 

No .  of 
f ibr es 

Y 

t=25  yr 
(in) 

end  9 
t=25  yr 

fs 

t=25  yr 
(ksi) 

f  s 

t=25  yr 
(ksi) 

f  cmax 
t=25  yr 
(ksi) 

M 

t=25  yr 
(ksi) 

five 

creep 

stages 

6 

5 

1.076 

.01620 

50.0 

31.70 

1.570 

410.89 

10 

1.079 

.01625 

50.0 

31.73 

1.601 

411.57 

15 

1.090 

.01647 

50.0 

31.40 

1.606 

414.09 

10 

5 

1.074 

.01620 

50.0 

31.70 

1 . 589 

409.60 

10 

1.076 

.01620 

50.0 

31.75 

1.585 

410.84 

15 

1.073 

.01619 

50.0 

31.75 

1.601 

410.11 

20 

5 

1.073 

.01614 

50.0 

31.71 

1.589 

409.56 

10 

1.070 

.01611 

50.0 

31.75 

1.601 

408.55 

15 

1.070 

.01612 

50.0 

31.75 

1.601 

409.23 

seven 

creep 

stages 

6 

5 

1.055 

.01583 

50.0 

31.93 

1.540 

406.21 

10 

1.052 

.01576 

50.0 

31.95 

1.5  36 

405.38 

15 

1.052 

.01576 

50.0 

31.93 

1.566 

405.47 

10 

5 

1.061 

.01585 

50.0 

32.04 

1.562 

407.56 

10 

1.062 

.01588 

50  .0 

32.04 

1.586 

406.88 

15 

1.051 

.01574 

50  .0 

31.95 

1.566 

404.40 

20 

5 

1.062 

.01592 

50.0 

32.06 

1.576 

407 .78 

10 

1.059 

.01587 

50.0 

32.05 

1.580 

406.42 

15 

1.051 

.01578 

50.0 

31.96 

1.539 

404.76 
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